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Abstract: In this paper the fine triangle intersection problem for a pair of maximum kite packings
is investigated. Let Fin(v) = {(s, t) : ∃ a pair of maximum kite packings of order v intersecting
in s blocks and s+ t triangles}. Let Adm(v) = {(s, t) : s+ t ≤ bv, s, t are non-negative integers},
where bv = ⌊v(v− 1)/8⌋. It is established that Fin(v) = Adm(v) \{(bv − 1, 0), (bv − 1, 1)} for any
integer v ≡ 0, 1 (mod 8) and v ≥ 8; Fin(v) = Adm(v) for any integer v ≡ 2, 3, 4, 5, 6, 7 (mod 8)
and v ≥ 4.
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1 Introduction
Let Kv be the complete graph with v vertices and λKv denote the graph Kv with each of its edges
replicated λ times. Given a family G of graphs each of which is simple and connected, a λ-fold
G-design of order v, denoted by (λKv ,G)-design, is a pair (X,B) where X is the vertex set of Kv
and B is a collection of subgraphs (called blocks) of λKv, such that each block is isomorphic to
a graph in G, and each edge of λKv belongs to exactly λ blocks of B.
If in the definition of G-designs we replace the term “exactly” with “at most” (or “at least”),
we have a (λKv ,G)-packing (or covering). When λ = 1, a (Kv ,G)-packing (or covering) is called a
G-packing (or covering) of order v. When G contains a single graphG, i.e., G = {G}, a (λKv , {G})-
design (packing or covering) is simply written as a (λKv , G)-design (packing or covering). If G
is the complete graph Kk, a (Kv,Kk)-design is called a Steiner system S(2, k, v).
A (Kv, G)-packing (or covering) (X,B) is called maximum (or minimum) if there does not
exist any (Kv, G)-packing (or covering) (X,B
′) with |B| < |B′| (or |B| > |B′|).
Two (Kv , G)-packings (or coverings) (X,B1) and (X,B2) are said to intersect in s blocks
provided |B1 ∩ B2| = s. If s = 0, (X,B1) and (X,B2) are said to be disjoint. The intersection
problem for (Kv, G)-packings (or coverings) is the determination of all integral pairs (v, s) such
that there exists a pair of (Kv, G)-packings (or coverings) intersecting in s blocks.
The intersection problem for S(2, k, v)s was first introduced by Kramer and Mesner in [18].
A complete solution to the intersection problem for S(2, 3, v)s was made by Lindner and Rosa
[19]. The intersection problem for S(2, 4, v)s was dealt with by Colbourn et al. [13], apart
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from three undecided values for v = 25, 28 and 37. Billington and Kreher [3] completed the
intersection problem for all connected simple graphs G where the minimum of the number of
vertices and the number of edges of G is not bigger than 4. The intersection problem is also
considered for many other types of combinatorial structures. The interested reader may refer to
[1, 2, 5, 10, 11, 15, 16, 17].
Let B be a simple graph. Denote by T (B) the set of all triangles of the graph B. For example,
if B is the graph with vertices a, b, c, d and edges ab, ac, bc, cd, (such a graph is called a kite), then
T (B) = {{a, b, c}}. Two (Kv , G)-packings (or coverings) (X,B1) and (X,B2) are said to intersect
in t triangles provided |T (B1) ∩ T (B2)| = t, where T (Bi) =
⋃
B∈Bi
T (B), i = 1, 2. The triangle
intersection problem for (Kv, G)-packings (or coverings) is the determination of all integer pairs
(v, t) such that there exists a pair of (Kv, G)-packings (or coverings) intersecting in t triangles.
The triangle intersection problem was first considered by Lindner and Yazici in [20], who
made a complete solution to the triangle intersection problem for kite systems. Billington et al.
[4] solved the triangle intersection problem for (K4− e)-designs. Chang et al. [6] investigated the
triangle intersection problem for S(2, 4, v)s.
Every block B in a (Kv , G)-packing (or covering) contributes |T (B)| = |T (G)| triangles. If
two (Kv , G)-packings (or coverings) (X,B1) and (X,B2) intersect in s blocks, then they intersect
in at least s|T (G)| triangles. It is natural to ask how about the triangle intersection problem
for a pair of (Kv, G)-packings (or coverings) intersecting in s blocks. Thus the fine triangle
intersection problem was introduced in [7]. Define FinG(v) = {(s, t) : ∃ a pair of (Kv, G)-
packings (or coverings) intersecting in s blocks and t + s|T (G)| triangles}. The fine triangle
intersection problem for (Kv, G)-packings (or coverings) is to determine FinG(v).
Chang et al. has completely solved the fine triangle intersection problems for kite systems [7]
and (K4− e)-designs [8, 9]. The purpose of this paper is to example the fine triangle intersection
problem for maximum kite packings. In what follows we always write FinG(v) simply as Fin(v)
when G is a kite, that is, Fin(v) = {(s, t) : ∃ a pair of maximum kite packings of order v
intersecting in s blocks and t+ s triangles}. It is known that for any positive integer v there is a
maximum kite packings of order v with ⌊v(v − 1)/8⌋ blocks [12].
Let Adm(v) = {(s, t) : s + t ≤ bv, s, t are non-negative integers}, where bv = ⌊v(v − 1)/8⌋.
Since every block in a maximum kite packing contributes only one triangle, we have that Fin(v) ⊆
Adm(v). In the following we always denote the copy of the kite with vertices a, b, c, d and edges
ab, ac, bc, cd by [a, b, c − d].
Example 1.1 Fin(4) = Adm(4).
Proof Take the vertex set X = {0, 1, 2, 3}. Let B = {[0, 1, 3 − 2]}. Then (X,B) is a maximum
kite packing of order 4. Consider the following permutations on X.
pi0,0 = (2 3), pi0,1 = (0 1 3), pi1,0 = (1).
We have that for each (s, t) ∈ Adm(4), |pis,tB ∩ B| = s and |T (pis,tB \ B) ∩ T (B \ pis,tB)| = t. ✷
As the main result of the present paper, we are to prove the following theorem.
Theorem 1.2 Fin(v) = Adm(v) \ {(bv − 1, 0), (bv − 1, 1)} for any integer v ≡ 0, 1 (mod 8) and
v ≥ 8. Fin(v) = Adm(v) for any integer v ≡ 2, 3, 4, 5, 6, 7 (mod 8) and v ≥ 4.
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2 Basic design constructions
Let K be a set of positive integers. A group divisible design (GDD) K-GDD is a triple (X,G,A)
satisfying the following properties: (1) G is a partition of a finite set X into subsets (called
groups); (2) A is a set of subsets of X (called blocks), each of cardinality from K, such that every
2-subset of X is either contained in exactly one block or in exactly one group, but not in both.
If G contains ui groups of size gi for 1 ≤ i ≤ r, then we call g
u1
1 g
u2
2 · · · g
ur
r the group type (or type)
of the GDD. If K = {k}, we write a {k}-GDD as a k-GDD.
Let H = {H1,H2, . . . ,Hm} be a partition of a finite set X into subsets (called holes), where
|Hi| = ni for 1 ≤ i ≤ m. Let Kn1,n2,...,nm be the complete multipartite graph on X with the
i-th part on Hi, and G be a subgraph of Kn1,n2,...,nm . A holey G-design is a triple (X,H,B)
such that (X,B) is a (Kn1,n2,...,nm, G)-design. The hole type (or type) of the holey G-design
is {n1, n2, . . . , nm}. We use an “exponential” notation to describe hole types: the hole type
gu11 g
u2
2 · · · g
ur
r denotes ui occurrences of gi for 1 ≤ i ≤ r. Obviously if G is the complete graph Kk,
a holey Kk-design is just a k-GDD. When G is kite, a holey G-design is said to be a kite-GDD.
A pair of holey G-designs (X,H,B1) and (X,H,B2) of the same type is said to intersect in s
blocks if |B1 ∩ B2| = s. A pair of holey G-designs (X,H,B1) and (X,H,B2) of the same type is
said to intersect in t triangles if |T (B1) ∩ T (B2)| = t, where T (Bi) =
⋃
B∈Bi
T (B), i = 1, 2.
Wilson’s fundamental construction on GDDs [21] has been adapted to obtain the following
construction on the intersection numbers of holey G-designs.
Construction 2.1 ([7])(Weighting Construction) Suppose that (X,G,A) is a K-GDD, and let
ω : X 7−→ Z+ ∪ {0} be a weight function. For every block A ∈ A, suppose that there is a pair
of holey G-designs of type {ω(x) : x ∈ A}, which intersect in bA blocks and tA triangles. Then
there exists a pair of holey G-designs of type {
∑
x∈H ω(x) : H ∈ G}, which intersect in
∑
A∈A bA
blocks and
∑
A∈A tA triangles.
The following construction is simple but very useful, which is a variation of Construction 2.2
in [7].
Construction 2.2 (Filling Construction) Let a be a nonnegative integer. Suppose that there
exists a pair of holey G-designs of type {g1, g2, . . . , gs}, which intersect in b blocks and t triangles.
If there is a pair of ((Kgi+a \ Ka), G)-designs with the same subgraph Ka removed for each
1 ≤ i ≤ s − 1, which intersect in bi blocks and ti triangles, and there is a pair of (Kgs+a, G)-
packings (or coverings), which intersect in bs blocks and ts triangles, then there exists a pair of
(Kv+a, G)-packings (or coverings) intersecting in b+
∑s
i=1 bi blocks and t+
∑s
i=1 ti triangles.
We quote the following result for later use.
Lemma 2.3 ([14]) Let g, t and u be nonnegative integers. There exists a 3-GDD of type gtu1 if
and only if the following conditions are all satisfied:
(1) if g > 0, then t ≥ 3, or t = 2 and u = g, or t = 1 and u = 0, or t = 0;
(2) u ≤ g(t− 1) or gt = 0;
(3) g(t− 1) + u ≡ 0 (mod 2) or gt = 0;
3
(4) gt ≡ 0 (mod 2) or u = 0;
(5) g2t(t− 1)/2 + gtu ≡ 0 (mod 3).
3 Fin(v) for 5 ≤ v ≤ 23 and v 6= 8, 9, 16, 17
When v ∈ {8, 9, 16, 17}, it is shown that Fin(v) = Adm(v) \ {(bv − 1, 0), (bv − 1, 1)} in [7], where
bv = ⌊v(v − 1)/8⌋. In this section, we shall examine Fin(v) for 5 ≤ v ≤ 23 and v 6= 8, 9, 16, 17,
by ad hoc methods.
Lemma 3.1 Fin(5) = Adm(5).
Proof Take the vertex set X = {0, 1, 2, 3, 4}. Let B = {[0, 4, 3− 1], [0, 1, 2 − 3]}. Then (X,B) is
a maximum kite packing of order 5. Consider the following permutations on X.
pi0,0 = (0 4)(2 3), pi0,1 = (0 1)(3 4), pi0,2 = (1 4)(2 3),
pi1,0 = (0 1 3 2 4), pi1,1 = (1 3 2 4), pi2,0 = (1).
We have that for each (s, t) ∈ Adm(5), |pis,tB ∩ B| = s and |T (pis,tB \ B) ∩ T (B \ pis,tB)| = t. ✷
Lemma 3.2 Fin(6) = Adm(6).
Proof Take the vertex set X = {0, 1, 2, 3, 4, 5}. Let B1 = {[0, 1, 2 − 3], [0, 3, 4 − 5], [1, 3, 5 − 0]}
and B2 = {[0, 1, 2− 3], [0, 3, 5− 1], [2, 5, 4− 3]}. Then (X,Bi) is a maximum kite packing of order
6 for each i = 1, 2. Consider the following permutations on X.
pi0,0 = (0 4)(2 3), pi0,1 = (0 4)(1 2), pi0,2 = (0 4)(1 5), pi0,3 = (0 2)(3 4), pi1,0 = (1 3),
pi1,1 = (0 5 4 2 1 3), pi1,2 = (0 1)(4 5), pi2,0 = (0 1), pi2,1 = (0 3)(2 5), pi3,0 = (1).
Let M1 = Adm(6) \ {(0, 3), (2, 0)} and M2 = {(0, 3), (2, 0)}. We have that for each (s, t) ∈ Mi,
i = 1, 2, |pis,tBi ∩ Bi| = s and |T (pis,tBi \ Bi) ∩ T (Bi \ pis,tBi)| = t. ✷
Lemma 3.3 Fin(7) = Adm(7).
Proof Take the vertex set X = {0, 1, 2, 3, 4, 5, 6}. Let B1 = {[0, 2, 1 − 6], [2, 4, 3 − 1], [1, 4, 5 −
0], [2, 6, 5−3], [6, 4, 0−3]}, B2 = (B1 \{[6, 4, 0−3]})∪{[6, 3, 0−4]} and B3 = (B1 \{[2, 6, 5−3]}∪
{[2, 5, 6 − 3]}. Then (X,Bi) is a maximum kite packing of order 7 for each i = 1, 2, 3. Consider
the following permutations on X.
pi0,0 = (0 4)(2 6 3), pi0,1 = (0 6 5 3 1 4), pi0,2 = (0 6 5 2)(1 4 3), pi0,3 = (0 1 2)(3 4 6),
pi0,4 = (3 5)(4 6), pi0,5 = (1 6)(2 4), pi1,0 = (0 2 4 1)(3 5 6), pi1,1 = (0 1 3 5)(2 6 4),
pi1,2 = (0 6 5 1)(2 3 4), pi1,3 = (0 2 4)(1 3 6), pi1,4 = (0 6 5 1)(2 4), pi2,0 = (0 6 3 5 1)(2 4),
pi2,1 = (0 5 3 1 6 4), pi2,2 = (0 1 4 2 5 3 6), pi2,3 = (0 5)(2 4), pi3,0 = (0 3 1 6 4 2),
pi3,1 = (0 5 3 1 6 4), pi3,2 = (0 5)(2 4), pi4,0 = pi4,1 = pi5,0 = (1).
We have that for each (s, t) ∈ Adm(7)\{(4, 0), (3, 1), (2, 3), (4, 1)}, |pis,tB1∩B1| = s and |T (pis,tB1\
B1)∩T (B1\pis,tB1)| = t. For each (s, t) ∈ {(4, 0), (3, 1)}, |pis,tB2∩B1| = s and |T (pis,tB2\B1)∩T (B1\
pis,tB2)| = t. For each (s, t) ∈ {(2, 3), (4, 1)}, |pis,tB3∩B1| = s and |T (pis,tB3\B1)∩T (B1\pis,tB3)| =
t. ✷
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Lemma 3.4 Fin(10) = Adm(10).
Proof Take the vertex set X = {0, 1, . . . , 9}. Let
B1 : [2, 0, 1− 9], [4, 7, 0− 5], [1, 4, 8− 2], [1, 7, 5− 8], [2, 4, 3− 1], [7, 8, 6− 5], [2, 9, 5− 3],
[9, 0, 8− 3], [0, 3, 6− 1], [6, 9, 4− 5], [9, 3, 7− 2];
B2 : [2, 0, 1− 9], [4, 7, 0− 5], [1, 4, 8− 2], [1, 7, 5− 8], [2, 4, 3− 1], [7, 8, 3− 9], [2, 9, 5− 3],
[8, 6, 9− 0], [0, 3, 6− 1], [5, 6, 4− 9], [6, 2, 7− 9];
B3 : [7, 9, 5− 8], [1, 4, 8− 2], [2, 5, 0− 9], [1, 5, 3− 0], [2, 9, 4− 7], [1, 6, 9− 3], [8, 6, 0− 4],
[7, 3, 8− 9], [0, 7, 1− 2], [2, 7, 6− 5], [6, 4, 3− 2];
B4 : [1, 2, 0− 3], [3, 2, 4− 5], [4, 0, 7− 8], [1, 4, 8− 2], [1, 7, 5− 8], [9, 0, 8− 3], [2, 5, 9− 1],
[4, 9, 6− 3], [7, 2, 6− 1], [9, 7, 3− 1], [0, 5, 6− 8];
B5 : [0, 1, 2− 7], [4, 7, 0− 5], [1, 4, 8− 3], [1, 7, 5− 3], [4, 3, 2− 6], [7, 8, 6− 1], [2, 9, 5− 8],
[9, 0, 8− 2], [0, 3, 6− 5], [6, 9, 4− 5], [3, 7, 9− 1];
B6 : [2, 0, 1− 9], [4, 7, 0− 5], [1, 4, 8− 3], [1, 7, 5− 3], [2, 4, 3− 1], [7, 8, 6− 1], [2, 9, 5− 8],
[9, 0, 8− 2], [0, 3, 6− 5], [6, 9, 4− 5], [9, 3, 7− 2];
B7 : [2, 0, 1− 3], [4, 0, 7− 2], [1, 4, 8− 3], [1, 7, 5− 3], [3, 4, 2− 6], [7, 8, 6− 1], [2, 9, 5− 8],
[9, 0, 8− 2], [0, 3, 6− 5], [6, 9, 4− 5], [7, 3, 9− 1];
B8 : [7, 9, 5− 8], [1, 4, 8− 2], [2, 5, 0− 7], [1, 5, 3− 0], [2, 9, 4− 7], [1, 6, 9− 3], [8, 6, 0− 4],
[7, 3, 8− 9], [7, 2, 1− 0], [2, 3, 6− 7], [6, 5, 4− 3].
Let B9 = (B1 \ {[1, 4, 8 − 2], [9, 0, 8 − 3]}) ∪ {[1, 4, 8 − 3], [9, 0, 8 − 2]}, B10 = (B9 \ {[0, 3, 6 −
1]}) ∪ {[0, 3, 6 − 2]}, B11 = (B9 \ {[1, 7, 5 − 8], [2, 9, 5 − 3]}) ∪ {[1, 7, 5 − 3], [2, 9, 5 − 8]}; B12 =
(B1\{[1, 4, 8−2], [7, 8, 6−5], [6, 9, 4−5], [9, 3, 7−2]})∪{[1, 4, 8−6], [7, 8, 2−6], [4, 5, 6−9], [3, 7, 9−4]},
B13 = (B12 \ {[7, 8, 2 − 6]}) ∪ {[7, 6, 2 − 8]}, B14 = (B13 \ {[1, 4, 8 − 6]}) ∪ {[1, 4, 8 − 7]}, B15 =
(B14\{[9, 0, 8−3]})∪{[9, 0, 8−6]}, B16 = (B15\{[1, 4, 8−7], [3, 7, 9−4]})∪{[1, 4, 8−3], [3, 9, 7−8]},
B17 = (B16 \ {[1, 7, 5 − 8], [2, 9, 5 − 3], [3, 9, 7 − 8]}) ∪ {[1, 7, 5 − 3], [2, 9, 5 − 8], [3, 7, 9 − 4]}, B18 =
(B17 \ {[3, 7, 9− 4]})∪{[3, 9, 7− 8]}; B19 = (B3 \ {[0, 7, 1− 2], [2, 7, 6− 5], [6, 4, 3− 2]})∪{[7, 2, 1−
0], [2, 3, 6 − 7], [6, 5, 4 − 3]}; B20 = (B4 \ {[1, 2, 0 − 3], [3, 2, 4 − 5]}) ∪ {[3, 2, 0 − 1], [3, 5, 4 − 2]},
B21 = (B4 \ {[1, 2, 0 − 3], [3, 2, 4 − 5], [1, 4, 8 − 2]}) ∪ {[3, 2, 0 − 1], [3, 5, 4 − 2], [8, 4, 1 − 2]}. Then
(X,Bi) is a maximum kite packing of order 10 for each 1 ≤ i ≤ 21. Consider the following
permutations on X.
pi0,0 = (0 8 4)(2 9 6 7 3), pi0,1 = (0 4 1 3 2)(6 9 8 7), pi0,2 = (0 7 1)(2 4)(3 5 9 6 8),
pi0,3 = (0 5 4 1)(2 6 9 3), pi0,4 = (0 7 1 6 4 5 9 2 3), pi0,5 = (0 4 3 9)(2 8 7),
pi0,6 = (0 8 7)(1 3)(2 5)(4 9 6), pi0,7 = (1 4 9 3 5)(6 7 8), pi0,8 = (0 9 7)(1 2)(3 4 8),
pi0,9 = (0 7)(2 5)(3 8), pi0,10 = (0 9)(1 5)(3 4), pi0,11 = (0 6)(1 5)(2 4)(8 9),
pi1,0 = (0 3 2 4 6 7 9 1 5 8), pi1,1 = (0 9 7 5 4)(1 3)(2 8 6), pi1,2 = (1 3)(2 6 8),
pi1,3 = (0 6 1 8 4)(2 7)(3 5), pi1,4 = (0 7 3 8 2)(1 5)(4 9), pi1,5 = (0 9 2 3 1 7)(4 8 5),
pi1,6 = (0 8 9)(1 4 5 2)(3 6 7), pi1,7 = (0 4 9 7 6 3 2 1 8), pi1,8 = (0 6 7 9)(1 5 2)(3 8),
pi1,9 = (0 1)(3 5)(4 9)(6 7), pi1,10 = (0 4)(1 3)(5 9)(6 8), pi2,0 = (0 5 6 7),
pi2,1 = (0 7 9 4 3 6 5 2), pi2,2 = (0 4 1)(6 8), pi2,3 = (0 6)(2 3)(5 7),
pi2,4 = (1 3 5)(4 9)(7 8), pi2,5 = (0 9 3 2 5 1 8 7 4 6), pi2,6 = (1 5),
pi2,7 = (0 7 9)(1 5 2)(3 8 4), pi2,8 = (0 3 9)(1 4 5)(6 7 8), pi3,0 = (4 6 7),
pi3,1 = (5 8 7), pi3,2 = (0 6 8 9 7)(1 2 5)(3 4), pi3,3 = (0 3 8 9 7 6 4)(1 2),
pi3,4 = (5 9), pi3,5 = (0 9)(6 7), pi3,6 = (0 6 7 9)(1 2)(3 8),
pi3,7 = (0 5)(1 9)(3 4)(7 8), pi4,0 = (0 2 1 3 8 6 4)(7 9), pi4,1 = (1 6),
pi4,2 = (0 1), pi4,3 = (1 2), pi4,4 = (0 2)(3 7),
pi4,5 = (1 2)(3 8)(6 9), pi4,6 = (0 9)(1 5)(3 4), pi5,0 = (0 9),
pi5,1 = (2 4), pi5,2 = (6 8), pi5,3 = (0 2)(4 6)(5 8),
pi6,0 = (7 8), pi6,1 = (6 8).
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Let S1 = {(x, y) : x + y ≤ 11, x ∈ {6, 7, 8, 9, 10, 11}, y is a non-negative integer} \ {(6, 0), (6, 1)},
and S2 = {(2, 9), (3, 8), (4, 7), (5, 4), (5, 5), (5, 6)}. For each (x
′, y′) ∈ S1 ∪ S2, take the identity
permutation pix′y′ = (1). It is readily checked that for each i, j, s, t in Table 1, |Bi ∩ pis,tBj| = s
and |T (Bi \ pis,tBj) ∩ T (pis,tBj \ Bi)| = t. ✷
Table 1. Fine triangle intersections for maximum kite packings of order 10
i j (s, t) i j (s, t)
1 1 (0,0),(0,1),. . .,(0,10), 1 2 (7,0)
(1,0), (1,1),. . .,(1,8), 1 5 (2,9)
(2,0), (2,1),. . .,(2,7), 1 6 (5,6)
(3,0), (3,1),. . .,(3,6), 1 9 (9,2)
(4,0), (4,1),(4,2), 1 10 (8,3)
(4,3), (4,5),(5,0), 1 11 (7,4)
(5,1), (5,2),(6,0), 3 8 (7,1)
(11,0). 3 19 (8,0)
4 20 (9,0) 4 21 (8,1)
9 7 (3,8),(4,6) 9 15 (7,2)
10 5 (4,7) 10 9 (10,1)
10 13 (5,4) 11 5 (6,5)
12 2 (6,2) 12 12 (3,7)
12 13 (1,10),(2,8),(6,1),(10,0) 12 14 (9,1)
12 15 (8,2) 12 16 (7,3)
12 17 (6,4) 12 18 (5,5)
13 2 (0,11),(6,3) 13 13 (1,9),(4,4),(5,3)
For counting Fin(v) for 11 ≤ v ≤ 23 and v 6= 16, 17, we need to search for a large number
of instances of maximum kite packings of order v as we have done in Lemma 3.4. To reduce the
computation, when v 6= 22, we shall first try to determine the fine triangle intersection numbers
of a pair of maximum (Kv \Khv , G)-packings with the same vertex set and the same subgraph
Khv removed, where G is a kite and
hv =


6, if v = 11, 14,
5, if v = 12, 13,
7, if v = 15,
10, if v = 18, 19, 20, 23,
12, if v = 21.
When v = 22, we shall try to determine the fine triangle intersection numbers of a pair of kite-
GDDs of type 8261 with the same group set. These results will be listed in Lemmas 3.5-3.15.
Here in order to save space, we give only the detail of the proof of Lemma 3.5. For other details,
the interested reader may find them in Appendix of this paper.
Lemma 3.5 Let M11 = {(s, t) : s + t ≤ 10, s ∈ {0, 1, 10}, t is a non-negative integer} and
N11 = {(4, 6), (5, 0), (5, 2), (6, 4), (7, 0), (8, 1)}. Let G be a kite and (s, t) ∈M11 ∪N11. Then there
is a pair of (K11 \K6, G)-designs with the same vertex set and the same subgraph K6 removed,
which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 10}. Let
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B1 : [0, 10, 9− 3], [5, 9, 7− 1], [1, 9, 8− 5], [6, 1, 10− 2], [2, 8, 7− 0], [3, 10, 8− 4],
[3, 7, 6− 4], [6, 2, 9− 4], [4, 7, 10− 5], [8, 0, 6− 5];
B2 : [0, 10, 9− 4], [5, 9, 7− 0], [1, 9, 8− 4], [6, 1, 10− 2], [2, 8, 7− 1], [10, 7, 3− 8],
[6, 2, 9− 3], [8, 0, 6− 3], [5, 8, 10− 4], [7, 4, 6− 5].
Let B3 = (B1 \{[3, 10, 8−4], [3, 7, 6−4], [4, 7, 10−5]}∪{[10, 7, 3−8], [4, 8, 10−5], [7, 4, 6−3]}, and
B4 = (B3 \{[1, 9, 8−5], [4, 8, 10−5]}∪{[1, 9, 8−4], [5, 8, 10−4]}. Then (X,Bi) is a (K11 \K6, G)-
design for each 1 ≤ i ≤ 4, where the removed subgraph K6 is constructed on Y = {0, 1, 2, 3, 4, 5}.
Consider the following permutations on X.
pi0,0 = (7 8 9 10), pi0,1 = (6 7 8 10 9), pi0,2 = (7 8)(9 10),
pi0,3 = (6 7 9)(8 10), pi0,4 = (6 7)(8 9), pi0,5 = (4 5)(6 8)(7 9 10),
pi0,6 = (6 9)(8 10), pi0,7 = (0 2)(1 5 3)(7 10)(8 9), pi0,8 = (0 2 4 1 5)(6 8 7 10),
pi0,9 = (0 1)(3 5)(6 9), pi0,10 = (2 3)(4 5)(6 8)(9 10), pi1,0 = (8 9 10),
pi1,1 = (0 1)(2 3), pi1,2 = (1 2)(3 4), pi1,3 = (0 3 2 1 5 4)(7 9 8),
pi1,4 = (0 2 1)(3 5 4)(6 9 8), pi1,5 = (2 4 5), pi1,6 = (2 3 4 5)(6 10)(8 9),
pi1,7 = (0 3)(1 4 5 2)(6 10 7 9), pi1,8 = (0 5 4)(1 2 3)(7 10 9), pi1,9 = (2 3 5 4)(6 8)(9 10),
pi4,6 = (1), pi5,0 = (0 4)(1 5 2)(6 9)(7 10), pi5,2 = (3 4),
pi6,4 = (3 4), pi7,0 = pi8,1 = pi10,0 = (1).
We have that for each row in Table 2, pis,tY = Y , |Bi ∩pis,tBj| = s and |T (Bi \pis,tBj)∩T (pis,tBj \
Bi)| = t. ✷
Table 2. Fine triangle intersection numbers for (K11 \K6, G)-designs
i j (s, t)
1 1 (M11 ∪N11) \ {(1, 9), (4, 6), (5, 0), (6, 4), (7, 0), (8, 1)}
1 3 (1,9),(6,4),(7,0)
2 4 (4,6)
3 4 (5,0),(8,1)
Lemma 3.6 Let M12 = {(s, t) : s + t ≤ 14, s ∈ {0, 3, 8, 12, 14}, t is a non-negative integer} \
{(3, 9), (3, 10), (8, 2), (8, 4), (8, 5), (12, 1)} and N12 = {(4, 10), (5, 9), (6, 0), (6, 2), (6, 5), (6, 8), (7, 4),
(7, 7), (9, 5), (10, 0), (10, 2), (10, 4)}. Let G be a kite and (s, t) ∈M12∪N12. Then there is a pair of
(K12\K5, G)-designs with the same vertex set and the same subgraph K5 removed, which intersect
in s blocks and t+ s triangles.
Lemma 3.7 Let M13 = {(s, t) : s + t ≤ 17, s ∈ {0, 3, 6, 9, 15, 17}, t is a non-negative integer}
\{(0, 15), (3, 12), (6, 8), (6, 9), (9, 4), (9, 5), (9, 7), (15, 1)}, and N13 = {(2, 15), (5, 11), (7, 7), (8, 9),
(10, 5), (11, 4), (11, 6), (12, 0), (12, 3), (13, 0), (13, 2), (14, 3)}. Let G be a kite and (s, t) ∈M13∪N13.
Then there is a pair of (K13 \K5, G)-designs with the same vertex set and the same subgraph K5
removed, which intersect in s blocks and t+ s triangles.
Lemma 3.8 Let M14 = {(s, t) : s + t ≤ 19, s ∈ {0, 4, 8, 17, 19}, t is a non-negative integer}
\{(4, 13), (8, 8), (8, 9), (8, 10), (17, 1)}, and N14 = {(7, 9), (7, 11), (10, 5), (10, 9), (11, 6), (12, 0), (12,
1), (12, 2), (13, 6), (14, 0), (14, 3), (15, 2), (16, 3)}. Let G be a kite and (s, t) ∈ M14 ∪ N14. Then
there is a pair of (K14 \ K6, G)-designs with the same vertex set and the same subgraph K6
removed, which intersect in s blocks and t+ s triangles.
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Lemma 3.9 LetM15 = {(0, 0), (0, 1), . . . , (0, 16), (0, 18), (0, 21), (21, 0)} and N15 = {(4, 17), (6, 0),
(6, 1), . . . , (6, 8), (6, 12), (8, 13), (9, 8), (12, 0), (12, 4), (12, 6), (12, 9), (13, 2), (13, 8), (17, 1), (17, 4),
(18, 0)}. Let G be a kite and (s, t) ∈ M15 ∪ N15. Then there is a pair of (K15 \K7, G)-designs
with the same vertex set and the same subgraph K7 removed, which intersect in s blocks and t+ s
triangles.
Lemma 3.10 Let M18 = {(0, 0), (0, 1), . . . , (0, 17), (0, 27), (27, 0)} and N18 = {(3, 24), (6, 21), (8,
0), (9, 18), (12, 5), (12, 15), (15, 0), (15, 12), (18, 9), (21, 0), (24, 3)}. Let G be a kite and (s, t) ∈
M18 ∪ N18. Then there is a pair of (K18 \ K10, G)-designs with the same vertex set and the
same subgraph K10 removed, which intersect in s blocks and t+ s triangles.
Lemma 3.11 Let M19 = {(0, 0), (0, 1), . . . , (0, 18), (0, 21), (0, 31), (31, 0)} and N19 = {(2, 17), (3,
28), (6, 25), (9, 0), (9, 22), (11, 20), (12, 4), (12, 12), (15, 3), (17, 14), (18, 0), (18, 3), (20, 11), (22, 9),
(25, 0), (25, 6)}. Let G be a kite and (s, t) ∈ M19 ∪ N19. Then there is a pair of maximum
(K19 \ K10, G)-packings with the same vertex set and the same subgraph K10 removed, which
intersect in s blocks and t+ s triangles.
Lemma 3.12 Let M20 = {(0, 0), (0, 1), . . . , (0, 17), (0, 22), (0, 24), (0, 28), (0, 36), (36, 0)} and N20
= {(2, 16), (5, 31), (7, 21), (10, 18), (10, 26), (12, 0), (12, 3), (12, 6), (13, 15), (13, 23), (15, 13), (18, 10),
(18, 18), (21, 1), (21, 7), (23, 13), (24, 0), (26, 10), (28, 0), (31, 5)}. Let G be a kite and (s, t) ∈M20∪
N20. Then there is a pair of maximum (K20 \K10, G)-packings with the same vertex set and the
same subgraph K10 removed, which intersect in s blocks and t+ s triangles.
Lemma 3.13 Let M21 = {(0, 0), (0, 1), . . . , (0, 19), (0, 24), (0, 36), (36, 0)} and N21 = {(6, 30), (7,
0), . . . , (7, 7), (12, 5), (12, 24), (13, 11), (18, 18), (24, 0), (24, 12), (30, 6)}. Let G be a kite and (s, t) ∈
M21 ∪N21. Then there is a pair of (K21 \K12, G)-designs with the same vertex set and the same
subgraph K12 removed, which intersect in s blocks and t+ s triangles.
Lemma 3.14 Let M22 = {(0, 0), (0, 1), . . . , (0, 20), (10, 0), (10, 1) . . . , (10, 6), (13, 7), (40, 0)} and
N22 = {(0, 28), (0, 40), (7, 33), (11, 17), (14, 26), (17, 11), (21, 19), (26, 14), (28, 0), (33, 7)}. Let (s, t)
∈ M22 ∪ N22. Then there is a pair of kite-GDDs of type 8
261 with the same group set, which
intersect in s blocks and t+ s triangles.
Lemma 3.15 Let M23 = {(0, 0), (0, 1), . . . , (0, 18), (7, 0), (7, 6), (7, 7), (7, 10), (10, 6)} and N23 =
{(0, 22), (0, 26), (0, 34), (0, 42), (0, 52), (3, 49), (5, 21), (5, 29), (5, 37), (6, 46), (7, 19), (9, 43), (10, 24),
(10, 32), (12, 14), (12, 40), (14, 0), (14, 12), (15, 19), (15, 27), (15, 37), (18, 8), (18, 34), (19, 15), (20,
22), (21, 5), (21, 31), (22, 0), (22, 20), (24, 10), (24, 28), (26, 0), (27, 15), (27, 25), (28, 24), (29, 5), (31,
21), (32, 10), (34, 0), (34, 18), (37, 5), (37, 15), (40, 12), (42, 0), (43, 9), (46, 6), (49, 3), (52, 0)}. Let G
be a kite and (s, t) ∈ M23 ∪ N23. Then there is a pair of (K23 \ K10, G)-designs with the same
vertex set and the same subgraph K10 removed, which intersect in s blocks and t+ s triangles.
Lemma 3.16 Fin(v) = Adm(v) for 11 ≤ v ≤ 23 and v 6= 16, 17, 22.
Proof Obviously Fin(v) ⊆ Adm(v). We need to show that Adm(v) ⊆ Fin(v). When v = 21,
our proof will rely on the fact that Fin(12) = Adm(12). Thus one can fist make use of the
8
following procedure to obtain Fin(v) = Adm(v) for 11 ≤ v ≤ 23 and v 6= 16, 17, 21, 22. Then the
same procedure guarantees Fin(21) = Adm(21).
For any 11 ≤ v ≤ 23 and v 6= 16, 17, 22, take the corresponding Mv and Nv from Lemmas
3.5-3.15. Let G be a kite and (αv, βv) ∈Mv ∪Nv. Let
hv =


6, if v = 11, 14,
5, if v = 12, 13,
7, if v = 15,
10, if v = 18, 19, 20, 23,
12, if v = 21.
By Lemmas 3.5-3.15, there is a pair of (Kv\Khv , G)-designs (or maximum (Kv\Khv , G)-packings)
(X,B
(v)
1 ) and (X,B
(v)
2 ) with the same subgraph Khv removed, which intersect in αv blocks and
βv +αv triangles. Here the subgraph Khv is constructed on Y ⊂ X. Let (γv, ωv) ∈ Adm(hv). By
Lemmas 3.1-3.4, there is a pair of maximum kite packings of order hv, (Y,B
′(v)
1 ) and (Y,B
′(v)
2 ),
with γv common blocks and γv+ωv common triangles. Then (X,B
(v)
1 ∪B
′(v)
1 ) and (X,B
(v)
2 ∪B
′(v)
2 )
are both maximum kite packings of order v with αv + γv common blocks and αv + βv + γv + ωv
common triangles. Thus we have
Fin(v) ⊇ {(αv + γv, βv + ωv) : (αv, βv) ∈Mv ∪Nv, (γv, ωv) ∈ Adm(hv)}.
It is readily checked that for any pair of integers (s, t) ∈ Adm(v), we have (s, t) ∈ Fin(v). ✷
Lemma 3.17 Fin(22) = Adm(22).
Proof Take the same sets M22 and N22 as in Lemma 3.14. Let (α, β) ∈M22 ∪N22. By Lemma
3.14, there is a pair of kite-GDDs of type 8261 with the same group set, which intersect in α
blocks and β + α triangles. Let (γ1, ω1) and (γ2, ω2) ∈ Adm(8) \ {(6, 0), (6, 1)}. [7] shows that
there is a pair of kite systems of order 8 intersecting in γi common blocks and ωi + γi common
triangles for each i = 1, 2. Let (γ3, ω3) ∈ Adm(6). By Lemma 3.2, there is a pair of kite systems
of order 6 with γ3 common blocks and ω3 + γ3 common triangles. Now applying Construction
2.2, we obtain a pair of maximum kite packings of order 22 with α+
∑3
i=1 γi common blocks and
β +
∑3
i=1 ωi + (α+
∑3
i=1 γi) common triangles. Thus we have
Fin(22) ⊇ {(α +
3∑
i=1
γi, β +
3∑
i=1
ωi) : (α, β) ∈M22 ∪N22, (γ3, ω3) ∈ Adm(6),
(γ1, ω1), (γ2, ω2) ∈ Adm(8) \ {(6, 0), (6, 1)}}.
It is readily checked that for any pair of integers (s, t) ∈ Adm(22), we have (s, t) ∈ Fin(22). ✷
4 Input designs
Lemma 4.1 Let A10 = {(0, 0), (0, 1), . . . , (0, 8), (0, 10), (0, 11), (11, 0)}. Let G be a kite and
(s, t) ∈ A10. Then there is a pair of (K10 \ K2, G)-designs with the same vertex set and the
same subgraph K2 removed, which intersect in s blocks and t+ s triangles.
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Proof Take the vertex set X = {0, 1, . . . , 9}. Let
B1 : [2, 0, 1− 9], [4, 7, 0− 5], [1, 4, 8− 2], [1, 7, 5− 8], [2, 4, 3− 1], [7, 8, 6− 5],
[2, 9, 5− 3], [9, 0, 8− 3], [0, 3, 6− 1], [6, 9, 4− 5], [9, 3, 7− 2];
B2 : [1, 2, 0− 5], [4, 0, 7− 2], [1, 4, 8− 3], [1, 7, 5− 4], [2, 4, 3− 5], [7, 8, 6− 1],
[2, 9, 5− 8], [9, 0, 8− 2], [0, 3, 6− 5], [4, 6, 9− 1], [7, 9, 3− 1].
Then (X,Bi) is a (K10 \K2, G)-design for i = 1, 2, where the removed subgraph K2 is constructed
on Y = {2, 6}. Consider the following permutations on X.
pi0,0 = (0 4 3 7 5 9)(1 8)(2 6), pi0,1 = (1 4)(3 5)(7 8), pi0,2 = (0 4)(1 3)(5 7 8 9),
pi0,3 = (0 9 8 3 1 7 4 5)(2 6), pi0,4 = (0 5 8 1 9 7), pi0,5 = (0 7 9 1 8 5)(3 4),
pi0,6 = (0 4 5 3 9)(7 8), pi0,7 = (3 5)(4 9)(7 8), pi0,8 = (0 1)(5 9)(7 8),
pi0,10 = (0 9)(1 5)(3 4), pi0,11 = pi11,0 = (1).
We have that pis,tY = Y . For each (s, t) ∈ A10 \ (0, 11), |B1 ∩ pis,tB1| = s and |T (B1 \ pis,tB1) ∩
T (pis,tB1 \ B1)| = t. |B1 ∩ pis,tB2| = 0 and |T (B1 \ pis,tB2) ∩ T (pis,tB2 \ B1)| = 11. ✷
Lemma 4.2 Let A11 = {(0, 0), (0, 1), . . . , (0, 9), (0, 11), (0, 13), (13, 0)}. Let G be a kite and
(s, t) ∈ A11. Then there is a pair of (K11 \ K3, G)-designs with the same vertex set and the
same subgraph K3 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 10}. Let
B1 : [0, 10, 9− 3], [5, 9, 7− 1], [1, 9, 8− 5], [6, 1, 10− 2], [2, 8, 7− 0], [3, 10, 8− 4],
[3, 7, 6− 4], [6, 2, 9− 4], [4, 7, 10− 5], [8, 0, 6− 5], [0, 1, 2− 5], [2, 3, 4− 1],
[4, 5, 0− 3];
B2 : [0, 10, 9− 4], [5, 9, 7− 0], [1, 9, 8− 4], [6, 1, 10− 5], [2, 8, 7− 1], [3, 10, 8− 5],
[3, 7, 6− 5], [6, 2, 9− 3], [4, 7, 10− 2], [8, 0, 6− 4], [2, 1, 0− 3], [4, 3, 2− 5],
[0, 5, 4− 1].
Then (X,Bi) is a (K11 \K3, G)-design for i = 1, 2, where the removed subgraph K3 is constructed
on Y = {1, 3, 5}. Consider the following permutations on X.
pi0,0 = (0 9 8 2 6 4 10), pi0,1 = (0 6 7 10 8 4 9 2)(1 3), pi0,2 = (0 6 10 9)(1 5 3)(2 7),
pi0,3 = (0 10 4 8 7)(2 6 9)(3 5), pi0,4 = (0 9 4 7 10 8 2)(1 3), pi0,5 = (0 9 6)(2 8)(3 5),
pi0,6 = (0 2)(1 3 5)(4 10 7)(8 9), pi0,7 = (0 4)(1 5 3)(6 10 8 9 7), pi0,8 = (0 6)(2 10)(3 5)(4 7),
pi0,9 = (0 8)(1 3)(2 10)(4 6)(7 9), pi0,11 = (0 2)(3 5)(7 10)(8 9), pi0,13 = pi13,0 = (1).
We have that pis,tY = Y . For each (s, t) ∈ A11 \ (0, 13), |B1 ∩ pis,tB1| = s and |T (B1 \ pis,tB1) ∩
T (pis,tB1 \ B1)| = t. |B1 ∩ pis,tB2| = 0 and |T (B1 \ pis,tB2) ∩ T (pis,tB2 \ B1)| = 13. ✷
Lemma 4.3 Let A12 = {(0, 0), (0, 1), . . . , (0, 11), (0, 14), (0, 15), (15, 0)}. Let G be a kite and
(s, t) ∈ A12. Then there is a pair of (K12 \K4, G)-designs with the same vertex set and the same
subgraph K4 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 11}. Let
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B1 : [8, 5, 6− 7], [6, 11, 0− 8], [11, 10, 5− 2], [4, 9, 10− 3], [9, 8, 3− 5], [8, 7, 2− 4],
[1, 11, 7− 4], [7, 10, 0− 9], [2, 9, 11− 3], [10, 8, 1− 5], [9, 5, 7− 3], [1, 9, 6− 3],
[2, 10, 6− 4], [11, 8, 4− 3], [0, 5, 4− 1];
B2 : [8, 5, 6− 4], [6, 11, 0− 9], [11, 10, 5− 1], [9, 10, 4− 3], [9, 8, 3− 11], [8, 7, 2− 5],
[1, 11, 7− 3], [7, 10, 0− 8], [9, 11, 2− 4], [8, 1, 10− 3], [9, 5, 7− 4], [1, 9, 6− 7],
[2, 10, 6− 3], [11, 8, 4− 1], [0, 4, 5− 3].
Let B3 = (B2\{[9, 10, 4−3], [0, 4, 5−3]}∪{[9, 10, 4−0], [4, 3, 5−0]}. Then (X,Bi) is a (K12\K4, G)-
design for each 1 ≤ i ≤ 3, where the removed subgraph K4 is constructed on Y = {0, 1, 2, 3}.
Consider the following permutations on X.
pi0,0 = (2 3)(4 11 9 10 7 8 5), pi0,1 = (0 3)(1 2)(4 5 9 8 10 11 7 6), pi0,2 = (1 2)(5 8 9 10 6 7 11),
pi0,3 = (0 3 1)(4 5)(7 9 11 10 8), pi0,4 = (0 3)(4 5 8 7)(6 9)(10 11), pi0,5 = (0 2 3)(6 11 9 7 8 10),
pi0,6 = (0 1 3 2)(4 8 6 7 9)(5 10 11), pi0,7 = (1 2)(7 11 9 10), pi0,8 = (0 2 1)(7 10 9 11),
pi0,9 = (0 3)(1 2)(6 8)(7 9), pi0,10 = (1 2)(6 8)(7 9), pi0,11 = (0 2)(4 5)(6 9)(8 10),
pi0,14 = pi0,15 = pi15,0 = (1).
We have that pis,tY = Y . For each (s, t) ∈ A12 \ {(0, 14), (0, 15)}, |B1 ∩ pis,tB1| = s and |T (B1 \
pis,tB1) ∩ T (pis,tB1 \ B1)| = t. |B1 ∩ pis,tB2| = 0 and |T (B1 \ pis,tB2) ∩ T (pis,tB2 \ B1)| = 15.
|B1 ∩ pis,tB3| = 0 and |T (B1 \ pis,tB3) ∩ T (pis,tB3 \ B1)| = 14. ✷
Lemma 4.4 ([7]) Let (s, t) ∈ {(0, 0), (0, 1), (0, 12), (12, 0)}. There exists a pair of kite-GDDs of
type 43 with the same group set intersecting in s blocks and t+ s triangles.
5 Putting the pieces together
First we need the following definition. Let (s1, t1) and (s2, t2) be two pairs of non-negative
integers. Define (s1, t1) + (s2, t2) = (s1 + s2, t1 + t2). If X and Y are two sets of pairs of non-
negative integers, then X + Y denotes the set {(s1, t1) + (s2, t2) : (s1, t1) ∈ X, (s2, t2) ∈ Y }. If X
is a set of pairs of non-negative integers and h is some positive integer, then h ∗X denotes the
set of all pairs of non-negative integers which can be obtained by adding any h elements of X
together (repetitions of elements of X allowed).
Lemma 5.1 For any integer v ≡ 2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 14, 15 (mod 24) and v ≥ 4, Fin(v) =
Adm(v).
Proof The cases of v = 4, 5, 6, 7, 10, 11, 12, 13, 14, 15 follows from Example 1.1, Lemmas 3.1-3.4
and Lemma 3.16. Assume that v ≥ 24. Obviously Fin(v) ⊆ Adm(v). We need to show that
Adm(v) ⊆ Fin(v). Let v = 8u+ a with u ≡ 0, 1 (mod 3), u ≥ 3 and a ∈ {2, 3, 4, 5, 6, 7}.
Start from a 3-GDD of type 2u from Lemma 2.3. Give each point of the GDD weight 4. By
Lemma 4.4, there is a pair of kite-GDDs of type 43 with α common blocks and α + β common
triangles, (α, β) ∈ {(0, 0), (0, 12), (12, 0)}. Then apply Construction 2.1 to obtain a pair of kite-
GDDs of type 8u with
∑x
i=1 αi common blocks and
∑x
i=1(αi + βi) common triangles, where x =
2u(u−1)/3 is the number of blocks of the 3-GDD of type 2u and (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}
for 1 ≤ i ≤ x.
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Define A(8 + c) = A8+c, where c ∈ {2, 3, 4} and A8+c is taken from Lemmas 4.1-4.3. When
c ∈ {5, 6, 7}, define A(8 + c) = M8+c ∪ N8+c, where M8+c and N8+c are taken from Lemmas
3.7-3.9. By Lemmas 3.7-3.9 and Lemmas 4.1-4.3, there is a pair of (K8+a \Ka, G)-designs with
the same vertex set and the same subgraph Ka removed with γj common blocks and γj + ωj
common triangles, where (γj , ωj) ∈ A(8+ a), 1 ≤ j ≤ u− 1, and a ∈ {2, 3, 4, 5, 6, 7}. By Lemmas
3.4 and 3.16, there is a pair of maximum kite packings of order 8 + a with γu common blocks
and γu + ωu common triangles, (γu, ωu) ∈ Adm(8 + a). Apply Construction 2.2 to obtain a
pair of maximum kite packings of order v = 8u+ a with
∑x
i=1 αi +
∑u
j=1 γj common blocks and∑x
i=1(αi + βi) +
∑u
j=1(γj + ωj) common triangles. Thus we have
Fin(v) ⊇ {(
x∑
i=1
αi +
u∑
j=1
γj,
x∑
i=1
βi +
u∑
j=1
ωj) : (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ A(8 + a), 1 ≤ j ≤ u− 1, (γu, ωu) ∈ Adm(8 + a)}
= {
x∑
i=1
(αi, βi) +
u∑
j=1
(γj , ωj) : (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj, ωj) ∈ A(8 + a), 1 ≤ j ≤ u− 1, (γu, ωu) ∈ Adm(8 + a)}
= x ∗ {(0, 0), (0, 12), (12, 0)} + (u− 1) ∗ A(8 + a) +Adm(8 + a).
Let n be the number of blocks of a (K8+a \Ka, G)-design. Then n = 7+2a. Let m be the number
of blocks of a maximum kite packing of order 8 + a. Define S(z) = {(s, t) : s + t ≤ z, s, t ≥ 0}.
Then it is readily checked that
(u− 1) ∗ A(8 + a) +Adm(8 + a)
= (u− 1) ∗ A(8 + a) + S(m)
= (u− 2) ∗ A(8 + a) + [A(8 + a) + S(m)]
= (u− 2) ∗ A(8 + a) + S(m+ n)
= S((u− 1)n+m).
Note that
{(0, 0), (0, 12), (12, 0)} + S(z) = S(z + 12) (1)
for any integer z ≥ 22. Since (u− 1)n+m ≥ 22, using Formula (1) inductively x times, we have
Fin(v) ⊇ (x− 1) ∗ {(0, 0), (0, 12), (12, 0)} + ({(0, 0), (0, 12), (12, 0)} + S((u− 1)n+m))
= (x− 1) ∗ {(0, 0), (0, 12), (12, 0)} + S((u− 1)n +m+ 12)
= S((u− 1)n+m+ 12x) = S(bv) = Adm(v).
This completes the proof. ✷
Lemma 5.2 For any integer v ≡ 18, 19, 20, 21, 22, 23 (mod 24) and v ≥ 18, Fin(v) = Adm(v).
Proof The cases of v = 18, 19, 20, 21, 22, 23 follows from Lemmas 3.16 and 3.17. Assume that
v ≥ 42. Obviously Fin(v) ⊆ Adm(v). We need to show that Adm(v) ⊆ Fin(v). Let v = 8u+ a
with u ≡ 2 (mod 3), u ≥ 5 and a ∈ {2, 3, 4, 5, 6, 7}.
Start from a 3-GDD of type 2u−241 from Lemma 2.3. Give each point of the GDD weight
4. By Lemma 4.4, there is a pair of kite-GDDs of type 43 with α common blocks and α + β
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common triangles, (α, β) ∈ {(0, 0), (0, 12), (12, 0)}. Then apply Construction 2.1 to obtain a
pair of kite-GDDs of type 8u−2161 with
∑x
i=1 αi common blocks and
∑x
i=1(αi + βi) common
triangles, where x = 2(u+ 1)(u− 2)/3 is the number of blocks of the 3-GDD of type 2u−241 and
(αi, βi) ∈ {(0, 0), (0, 12), (12, 0)} for 1 ≤ i ≤ x.
Define A(8 + c) = A8+c, where c ∈ {2, 3, 4} and A8+c is taken from Lemmas 4.1-4.3. When
c ∈ {5, 6, 7}, define A(8 + c) = M8+c ∪ N8+c, where M8+c and N8+c are taken from Lemmas
3.7-3.9. By Lemmas 3.7-3.9 and Lemmas 4.1-4.3, there is a pair of (K8+a \Ka, G)-designs with
the same vertex set and the same subgraph Ka removed with γj common blocks and γj + ωj
common triangles, where (γj , ωj) ∈ A(8+ a), 1 ≤ j ≤ u− 2, and a ∈ {2, 3, 4, 5, 6, 7}. By Lemmas
3.16 and 3.17, there is a pair of maximum kite packings of order 16+a with γu−1 common blocks
and γu−1 + ωu−1 common triangles, (γu−1, ωu−1) ∈ Adm(16 + a). Apply Construction 2.2 to
obtain a pair of maximum kite packings of order v = 8u + a with
∑x
i=1 αi +
∑u−1
j=1 γj common
blocks and
∑x
i=1(αi + βi) +
∑u−1
j=1 (γj + ωj) common triangles. Thus we have
Fin(v) ⊇ {(
x∑
i=1
αi +
u−1∑
j=1
γj,
x∑
i=1
βi +
u−1∑
j=1
ωj) : (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj , ωj) ∈ A(8 + a), 1 ≤ j ≤ u− 2, (γu−1, ωu−1) ∈ Adm(16 + a)}
= {
x∑
i=1
(αi, βi) +
u−1∑
j=1
(γj , ωj) : (αi, βi) ∈ {(0, 0), (0, 12), (12, 0)}, 1 ≤ i ≤ x,
(γj , ωj) ∈ A(8 + a), 1 ≤ j ≤ u− 2, (γu−1, ωu−1) ∈ Adm(16 + a)}
= x ∗ {(0, 0), (0, 12), (12, 0)} + (u− 2) ∗ A(8 + a) +Adm(16 + a).
Let n be the number of blocks of a (K8+a \Ka, G)-design. Then n = 7+2a. Let m be the number
of blocks of a maximum kite packing of order 16 + a. Define S(z) = {(s, t) : s + t ≤ z, s, t ≥ 0}.
Then it is readily checked that
(u− 2) ∗ A(8 + a) +Adm(16 + a)
= (u− 2) ∗ A(8 + a) + S(m)
= (u− 3) ∗ A(8 + a) + [A(8 + a) + S(m)]
= (u− 3) ∗ A(8 + a) + S(m+ n)
= S((u− 2)n+m).
Note that
{(0, 0), (0, 12), (12, 0)} + S(z) = S(z + 12) (2)
for any integer z ≥ 22. Since (u− 1)n+m ≥ 22, using Formula (2) inductively x times, we have
Fin(v) ⊇ (x− 1) ∗ {(0, 0), (0, 12), (12, 0)} + ({(0, 0), (0, 12), (12, 0)} + S((u− 2)n+m))
= (x− 1) ∗ {(0, 0), (0, 12), (12, 0)} + S((u− 2)n +m+ 12)
= S((u− 2)n+m+ 12x) = S(bv) = Adm(v).
This completes the proof. ✷
Proof of Theorem 1.2: When v ≡ 0, 1 (mod 8) and v ≥ 8, [7] shows that Fin(v) = Adm(v) \
{(bv − 1, 0), (bv − 1, 1)}. When v ≡ 2, 3, 4, 5, 6, 7 (mod 8) and v ≥ 4, combining the results of
Lemmas 5.1 and 5.2, we have Fin(v) = Adm(v). ✷
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A Appendix
Lemma 3.6 Let M12 = {(s, t) : s + t ≤ 14, s ∈ {0, 3, 8, 12, 14}, t is a non-negative integer} \
{(3, 9), (3, 10), (8, 2), (8, 4), (8, 5), (12, 1)} and N12 = {(4, 10), (5, 9), (6, 0), (6, 2), (6, 5), (6, 8), (7, 4),
(7, 7), (9, 5), (10, 0), (10, 2), (10, 4)}. Let G be a kite and (s, t) ∈M12∪N12. Then there is a pair of
(K12\K5, G)-designs with the same vertex set and the same subgraph K5 removed, which intersect
in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 11}. Let
B1 : [8, 5, 6− 7], [6, 11, 0− 8], [11, 10, 5− 0], [4, 9, 10− 3], [9, 8, 3− 5], [8, 7, 2− 5],
[1, 11, 7− 4], [7, 10, 0− 9], [2, 9, 11− 3], [10, 8, 1− 5], [9, 5, 7− 3], [1, 9, 6− 3],
[2, 10, 6− 4], [11, 8, 4− 5];
B2 : [8, 5, 6− 4], [6, 11, 0− 9], [11, 10, 5− 3], [9, 10, 4− 5], [9, 8, 3− 11], [8, 2, 7− 3],
[11, 7, 1− 5], [7, 10, 0− 8], [9, 11, 2− 5], [8, 1, 10− 3], [9, 7, 5− 0], [1, 9, 6− 7],
[2, 10, 6− 3], [8, 11, 4− 7];
B3 : [0, 11, 10− 1], [10, 9, 8− 2], [6, 3, 11− 9], [8, 7, 6− 0], [9, 5, 2− 7], [10, 6, 2− 11],
[4, 8, 11− 7], [1, 6, 9− 0], [0, 5, 8− 1], [11, 5, 1− 7], [5, 10, 3− 8], [5, 6, 4− 9],
[10, 4, 7− 0], [9, 3, 7− 5].
Let B4 = (B1 \ {[8, 5, 6 − 7], [8, 7, 2 − 5]}) ∪ {[8, 7, 6 − 5], [8, 5, 2 − 7]}, B5 = (B2 \ {[8, 5, 6 −
4], [1, 9, 6 − 7], [2, 10, 6 − 3]}) ∪ {[8, 5, 6 − 7], [1, 9, 6 − 3], [2, 10, 6 − 4]}, B6 = (B5 \ {[6, 11, 0 −
9], [7, 10, 0 − 8]}) ∪ {[6, 11, 0 − 8], [7, 10, 0 − 9]}, B7 = (B2 \ {[9, 10, 4 − 5], [11, 7, 1 − 5], [8, 1, 10 −
3], [8, 11, 4 − 7]}) ∪ {[4, 9, 10 − 3], [1, 11, 7 − 4], [10, 8, 1 − 5], [8, 11, 4 − 5]}, B8 = (B3 \ {[6, 3, 11 −
9], [10, 6, 2− 11], [5, 10, 3− 8], [9, 3, 7− 5]})∪{[3, 5, 7− 9], [11, 6, 2− 10], [11, 9, 3− 8], [3, 6, 10− 5]},
B9 = (B4 \ {[1, 9, 6 − 3], [2, 10, 6 − 4]}) ∪ {[1, 9, 6 − 4], [2, 10, 6 − 3]}, and B10 = (B4 \ {[6, 11, 0 −
8], [7, 10, 0 − 9], [1, 11, 7 − 4], [9, 5, 7 − 3]}) ∪ {[6, 11, 0 − 9], [7, 10, 0 − 8], [1, 11, 7 − 3], [9, 5, 7 − 4]}.
Then (X,Bi) is a (K12 \K5, G)-design for each 1 ≤ i ≤ 10, where the removed subgraph K5 is
constructed on Y = {0, 1, 2, 3, 4}. Consider the following permutations on X.
pi0,0 = (8 9 10 11), pi0,1 = (7 8 9 10), pi0,2 = (8 9 11 10),
pi0,3 = (7 8 10)(9 11), pi0,4 = (6 7 8)(9 11 10), pi0,5 = (7 10)(9 11),
pi0,6 = (6 7 10 8)(9 11), pi0,7 = (6 8)(7 10)(9 11), pi0,8 = (0 4)(6 11 8)(7 10 9),
pi0,9 = (2 3)(6 8)(7 11)(9 10), pi0,10 = (0 4)(1 3 2)(6 8)(7 9), pi0,11 = (0 2)(6 8)(7 11)(9 10),
pi0,12 = (0 3)(1 4)(6 8)(7 10)(9 11), pi0,13 = (0 4)(1 2)(6 8)(7 9), pi0,14 = (1),
pi3,0 = (6 7 8), pi3,1 = (0 1)(2 4), pi3,2 = (3 4)(10 11),
pi3,3 = (0 4)(7 11), pi3,4 = (6 7 11 10)(8 9), pi3,5 = (0 4)(2 3)(7 9),
pi3,6 = (0 3 4), pi3,7 = (0 4 2 1 3)(7 10 9 11), pi3,8 = (0 1)(2 4)(6 8)(10 11),
pi3,11 = (1), pi4,10 = (1 2)(6 7)(8 9)(10 11), pi5,9 = (1),
pi6,0 = (1 4 2)(10 11), pi6,2 = (2 3)(7 9), pi6,5 = (3 4),
pi6,8 = (1 2)(6 7)(8 9)(10 11), pi7,4 = (5 7), pi7,7 = (1),
pi8,0 = (1 2), pi8,1 = (0 1), pi8,3 = (2 3),
pi8,6 = pi9,5 = pi10,0 = (1), pi10,2 = pi10,4 = pi12,0 = (1), pi12,2 = pi14,0 = (1).
We have that for each i, j, s, t in Table I, pis,tY = Y , |Bi ∩ pis,tBj| = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
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Table I. Fine triangle intersections for (K12 \K5, G)-designs
i j (s, t) i j (s, t) i j (s, t)
1 1 (M12 ∪N12) \ {(0,14), 1 2 (0,14),(4,10) 1 4 (7,4),(12,0)
(3,11),(4,10),(5,9), 1 5 (3,11) 1 6 (5,9)
(7,4),(7,7),(8,3), 1 9 (10,2) 2 6 (9,5)
(8,6),(9,5),(10,0), 2 7 (10,4) 3 8 (8,3),(10,0)
(10,2),(10,4),(12,0), 4 9 (12,2) 5 7 (7,7)
(12,2)} 9 10 (8,6)
Lemma 3.7 Let M13 = {(s, t) : s + t ≤ 17, s ∈ {0, 3, 6, 9, 15, 17}, t is a non-negative integer}
\{(0, 15), (3, 12), (6, 8), (6, 9), (9, 4), (9, 5), (9, 7), (15, 1)}, and N13 = {(2, 15), (5, 11), (7, 7), (8, 9),
(10, 5), (11, 4), (11, 6), (12, 0), (12, 3), (13, 0), (13, 2), (14, 3)}. Let G be a kite and (s, t) ∈M13∪N13.
Then there is a pair of (K13 \K5, G)-designs with the same vertex set and the same subgraph K5
removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 12}. Let
A1 : [0, 5, 6− 12], [0, 7, 8− 11], [0, 9, 10− 8], [0, 11, 12− 4], [1, 5, 7− 4], [1, 6, 8− 4],
[1, 9, 11− 4], [1, 10, 12− 5], [2, 5, 8− 9], [2, 6, 7− 9], [2, 12, 9− 6], [2, 10, 11− 6],
[3, 5, 9− 4], [3, 10, 6− 4], [3, 7, 11− 5], [3, 8, 12− 7], [4, 5, 10− 7];
A2 : [0, 5, 6− 4], [0, 7, 8− 9], [0, 9, 10− 7], [0, 11, 12− 7], [1, 5, 7− 9], [1, 6, 8− 11],
[1, 9, 11− 5], [1, 10, 12− 4], [2, 5, 8− 4], [2, 6, 7− 4], [2, 12, 9− 4], [2, 10, 11− 4],
[3, 5, 9− 6], [3, 10, 6− 12], [3, 7, 11− 6], [3, 8, 12− 5], [4, 5, 10− 8];
A3 : [0, 5, 6− 4], [0, 7, 8− 9], [0, 9, 10− 8], [0, 11, 12− 7], [1, 5, 7− 4], [1, 6, 8− 11],
[1, 9, 11− 4], [1, 10, 12− 4], [2, 5, 8− 4], [2, 6, 7− 9], [2, 12, 9− 6], [2, 10, 11− 6],
[3, 5, 9− 4], [3, 10, 6− 12], [3, 7, 11− 5], [3, 8, 12− 5], [4, 5, 10− 7];
A4 : [7, 5, 1− 10], [9, 3, 5− 12], [10, 6, 3− 12], [10, 5, 4− 12], [4, 7, 9− 1], [6, 7, 12− 1],
[12, 10, 11− 8], [8, 12, 9− 10];
A5 : [6, 5, 0− 10], [0, 7, 8− 3], [11, 9, 0− 12], [1, 6, 8− 4], [2, 5, 8− 10], [9, 6, 2− 11],
[10, 7, 2− 12], [3, 7, 11− 1], [4, 6, 11− 5];
A6 : [6, 5, 0− 12], [0, 7, 8− 3], [11, 9, 0− 10], [1, 6, 8− 4], [2, 5, 8− 10], [9, 6, 2− 12],
[10, 7, 2− 11], [3, 7, 11− 5], [4, 6, 11− 1];
A7 : [6, 5, 0− 12], [0, 7, 8− 10], [11, 9, 0− 10], [1, 6, 8− 3], [2, 5, 8− 4], [9, 6, 2− 11],
[10, 7, 2− 12], [3, 7, 11− 1], [4, 6, 11− 5];
A8 : [6, 5, 0− 10], [0, 7, 8− 10], [11, 9, 0− 12], [1, 6, 8− 3], [2, 5, 8− 4], [9, 6, 2− 11],
[10, 7, 2− 12], [3, 7, 11− 1], [4, 6, 11− 5];
A9 : [6, 5, 0− 12], [0, 7, 8− 3], [11, 9, 0− 10], [1, 6, 8− 4], [2, 5, 8− 10], [9, 6, 2− 12],
[10, 7, 2− 11], [3, 7, 11− 1], [4, 6, 11− 5];
A10 : [6, 5, 0− 12], [0, 7, 8− 3], [11, 9, 0− 10], [1, 6, 8− 4], [2, 5, 8− 10], [9, 6, 2− 11],
[10, 7, 2− 12], [3, 7, 11− 1], [4, 6, 11− 5];
A11 : [4, 12, 5− 6], [6, 12, 7− 8], [8, 12, 9− 10], [10, 12, 11− 4];
A12 : [6, 12, 5− 4], [8, 12, 7− 6], [10, 12, 9− 8], [4, 12, 11− 10];
A13 : [7, 5, 1− 10], [9, 3, 5− 12], [10, 6, 3− 12], [10, 5, 4− 12], [4, 7, 9− 1], [6, 7, 12− 1],
[12, 8, 11− 10], [10, 12, 9− 8];
A14 : [0, 5, 7− 4], [8, 0, 6− 4], [11, 9, 0− 12], [8, 5, 1− 11], [9, 6, 1− 12], [1, 7, 10− 0],
[9, 5, 2− 8], [10, 6, 2− 12], [2, 7, 11− 5], [10, 5, 3− 8], [11, 6, 3− 12], [3, 7, 9− 4],
[4, 10, 8− 11].
Let Bi = Ai when i = 1, 2, 3. Let B4 = A4 ∪ A5. Let Bi = Ai ∪ A13 when 5 ≤ i ≤ 10. Let
Bi = Ai ∪ A14 when i = 11, 12. Then (X,Bi) is a (K13 \ K5, G)-design for each 1 ≤ i ≤ 12,
17
where the removed subgraph K5 is constructed on Y = {0, 1, 2, 3, 4}. Consider the following
permutations on X.
pi0,0 = (0 1)(2 3 4), pi0,1 = (7 8 9)(10 12 11), pi0,2 = (7 8)(9 10 12),
pi0,3 = (7 8 9 10 11 12), pi0,4 = (7 8)(9 11 10 12), pi0,5 = (7 8)(9 10 11 12),
pi0,6 = (7 8 11 12)(9 10), pi0,7 = (6 7 8)(9 10)(11 12), pi0,8 = (7 8)(9 12)(10 11),
pi0,9 = (5 10)(7 12)(8 11), pi0,10 = (7 8)(9 10)(11 12), pi0,11 = (0 1)(2 3 4)(5 8)(9 10 11),
pi0,12 = (3 4)(9 12)(10 11), pi0,13 = (0 1 2)(3 4)(5 7 6)(10 11 12), pi0,14 = (3 4)(5 8)(6 7)(9 11)(10 12),
pi0,16 = (5 7)(6 8)(9 11)(10 12), pi0,17 = (1), pi2,15 = (1 2)(5 10)(6 9)(7 11)(8 12),
pi3,0 = (2 4)(7 9)(8 10 11), pi3,1 = (1 2)(3 4), pi3,2 = (0 3)(8 12 11),
pi3,3 = (0 3)(6 8 11), pi3,4 = (0 4 3 1)(5 11 7)(8 10), pi3,5 = (0 2 4),
pi3,6 = (5 10)(6 7 12 9)(8 11), pi3,7 = (5 6)(7 8)(9 10), pi3,8 = (0 1)(5 10)(6 12 7 9)(8 11),
pi3,9 = (5 9 6 10)(7 11 8 12), pi3,10 = (0 2)(6 8)(9 11), pi3,11 = (1 2)(3 4)(5 6)(11 12),
pi3,13 = (1 2)(5 6)(9 10), pi3,14 = (1 2)(7 8)(11 12), pi5,11 = (0 2 1)(6 8 7)(10 12 11),
pi6,0 = (6 10 12), pi6,1 = (0 2)(8 12), pi6,2 = (5 11),
pi6,3 = (5 10)(6 9)(8 11), pi6,4 = (5 9), pi6,5 = (6 7),
pi6,6 = (2 4), pi6,7 = (1 2)(3 4)(5 6)(9 11), pi6,10 = (0 2)(5 10 7 12)(6 11 8 9),
pi6,11 = (5 10)(6 9)(7 12)(8 11), pi7,7 = (0 1)(2 3)(6 7)(9 11), pi8,9 = (1),
pi9,0 = (0 2), pi9,1 = (9 11), pi9,2 = (3 4),
pi9,3 = (1 4), pi9,6 = pi9,8 = pi10,5 = (1), pi11,4 = pi11,6 = (1)
pi12,0 = (9 11), pi12,3 = pi13,0 = (1), pi13,2 = pi14,3 = pi15,0 = (1),
pi15,2 = pi17,0 = (1).
We have that for each row in Table II, pis,tY = Y , |Bi∩pis,tBj| = s and |T (Bi \pis,tBj)∩T (pis,tBj \
Bi)| = t. ✷
Table II. Fine triangle intersections for (K13 \K5, G)-designs
i j (s, t) i j (s, t) i j (s, t)
1 1 (M13 ∪N13) \ {(0,11), 1 2 (0,17) 1 3 (3,14),(5,11),(6,10),(9,8)
(0,17),(3,14),(5,11), 2 3 (8,9) 4 4 (0,11)
(6,7),(6,10),(7,7), 4 5 (6,7),(7,7),(12,0),(15,0) 4 6 (9,6)
(8,9),(9,1),(9,2), 4 7 (10,5) 4 8 (12,3)
(9,6),(9,8),(10,5), 4 9 (11,4) 4 10 (13,2)
(11,4),(11,6),(12,0), 5 6 (11,6) 5 8 (14,3)
(12,3),(13,0),(13,2), 6 6 (9,1),(9,2) 7 8 (15,2)
(14,3),(15,0),(15, 2)} 11 12 (13,0)
Lemma 3.8 Let M14 = {(s, t) : s + t ≤ 19, s ∈ {0, 4, 8, 17, 19}, t is a non-negative integer}
\{(4, 13), (8, 8), (8, 9), (8, 10), (17, 1)}, and N14 = {(7, 9), (7, 11), (10, 5), (10, 9), (11, 6), (12, 0), (12,
1), (12, 2), (13, 6), (14, 0), (14, 3), (15, 2), (16, 3)}. Let G be a kite and (s, t) ∈ M14 ∪ N14. Then
there is a pair of (K14 \ K6, G)-designs with the same vertex set and the same subgraph K6
removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 13}. Let
A1 : [0, 10, 11− 5], [0, 12, 13− 5], [1, 8, 6− 5], [1, 10, 12− 4], [1, 11, 13− 6], [2, 9, 6− 12],
[2, 10, 13− 7], [2, 11, 12− 5], [3, 7, 11− 8], [3, 8, 12− 9], [4, 6, 11− 9];
18
A2 : [0, 6, 7− 12], [0, 8, 9− 5], [1, 9, 7− 5], [2, 7, 8− 5], [3, 6, 10− 5], [3, 13, 9− 4],
[4, 7, 10− 9], [4, 13, 8− 10];
A3 : [0, 10, 11− 9], [0, 12, 13− 7], [1, 8, 6− 12], [1, 10, 12− 9], [1, 11, 13− 5], [2, 9, 6− 5],
[2, 10, 13− 6], [2, 11, 12− 4], [3, 7, 11− 5], [3, 8, 12− 5], [4, 6, 11− 8];
A4 : [0, 10, 12− 4], [3, 7, 11− 0], [3, 8, 12− 1], [4, 6, 11− 1], [5, 6, 12− 2], [5, 9, 11− 2],
[11, 13, 12− 9], [9, 13, 10− 11];
A5 : [0, 10, 12− 4], [3, 7, 11− 0], [3, 8, 12− 1], [4, 6, 11− 1], [5, 6, 12− 2], [5, 9, 11− 2],
[9, 13, 12− 11], [11, 13, 10− 9];
A6 : [0, 10, 12− 1], [3, 7, 11− 0], [3, 8, 12− 4], [4, 6, 11− 1], [5, 6, 12− 2], [5, 9, 11− 2],
[9, 13, 12− 11], [11, 13, 10− 9];
A7 : [0, 10, 12− 4], [3, 7, 11− 2], [3, 8, 12− 1], [4, 6, 11− 0], [5, 6, 12− 2], [5, 9, 11− 1],
[9, 13, 12− 11], [11, 13, 10− 9];
A8 : [0, 10, 12− 2], [3, 7, 11− 2], [3, 8, 12− 4], [4, 6, 11− 0], [5, 6, 12− 1], [5, 9, 11− 1],
[9, 13, 12− 11], [11, 13, 10− 9];
A9 : [12, 13, 0− 11], [11, 13, 1− 10], [10, 13, 2− 9], [9, 13, 3− 8], [8, 13, 4− 12];
A10 : [11, 13, 0− 12], [10, 13, 1− 11], [9, 13, 2− 10], [8, 13, 3− 9], [12, 13, 4− 8];
A11 : [0, 6, 7− 5], [0, 8, 9− 4], [1, 9, 7− 12], [2, 7, 8− 5], [3, 6, 10− 5], [3, 13, 9− 5],
[4, 7, 10− 9], [4, 13, 8− 10];
A12 : [0, 6, 7− 12], [0, 8, 9− 4], [1, 8, 6− 13], [1, 7, 9− 3], [9, 6, 2− 13], [2, 7, 8− 11],
[6, 10, 3− 13], [4, 7, 10− 2], [4, 8, 13− 1], [5, 7, 13− 0], [5, 8, 10− 1];
A13 : [0, 6, 7− 12], [0, 8, 9− 12], [1, 6, 8− 12], [1, 7, 9− 10], [2, 6, 11− 8], [8, 7, 2− 12],
[3, 6, 10− 0], [11, 7, 3− 12], [6, 9, 4− 11], [4, 7, 10− 11], [5, 6, 12− 1], [5, 7, 13− 6],
[5, 8, 10− 12], [5, 9, 11− 12].
Let Bi = Ai ∪ A11 when i = 1, 3. Let B2 = A2 ∪ A3. Let Bi = Ai ∪ A12 when 4 ≤ i ≤ 8.
Let Bi = Ai ∪ A13 when i = 9, 10. Then (X,Bi) is a (K14 \K6, G)-design for each 1 ≤ i ≤ 10,
where the removed subgraph K6 is constructed on Y = {0, 1, 2, 3, 4, 5}. Consider the following
permutations on X.
pi0,0 = (0 1)(2 3)(4 5), pi0,1 = (7 8)(9 10 11 13), pi0,2 = (7 8)(9 10)(11 12 13),
pi0,3 = (7 8)(9 10)(12 13), pi0,4 = (1 2)(3 4 5), pi0,5 = (7 8)(9 12)(10 13),
pi0,6 = (7 8)(10 11 12 13), pi0,7 = (7 8)(9 10 13)(11 12), pi0,8 = (7 8)(10 11)(12 13),
pi0,9 = (6 7)(8 9 10 11)(12 13), pi0,10 = (1 2 5)(8 9) pi0,11 = (7 10)(8 13)(9 12),
pi0,12 = (7 8)(10 13)(11 12), pi0,13 = (1 2)(3 4 5)(6 7)(10 12 13), pi0,14 = (1 5 2)(8 9)(12 13),
pi0,15 = (3 4 5)(10 11)(12 13), pi0,16 = (1 2)(4 5)(8 9)(12 13), pi0,17 = (1 2)(3 4)(6 7)(12 13),
pi0,18 = (6 9)(7 8)(10 13)(11 12), pi0,19 = (6 11)(7 10)(8 13)(9 12), pi4,0 = (0 1)(3 4),
pi4,1 = (9 10 12 13), pi4,2 = (0 3)(12 13), pi4,3 = (1 2)(3 5),
pi4,4 = (0 1)(4 5), pi4,5 = (1 2)(6 13 7)(10 11), pi4,6 = (6 13)(8 11)(9 10),
pi4,7 = (6 11)(7 10), pi4,8 = (3 4 5), pi4,9 = (0 2)(7 9)(11 13),
pi4,10 = (0 4)(7 11)(8 12), pi4,11 = (0 3)(7 10)(9 12), pi4,12 = (0 2 1)(6 11 8 10 7 12)
pi4,14 = (6 10)(7 11)(8 12)(9 13), pi4,15 = (1), (9 13),
pi7,9 = (1 2)(4 5)(6 7)(10 11), pi7,11 = (1 3)(2 4)(6 8 12 10) pi8,0 = (0 1 4),
pi8,1 = (8 10), (7 9 13 11), pi8,2 = (7 12),
pi8,3 = (6 8), pi8,4 = (7 9), pi8,5 = (12 13),
pi8,6 = (0 1), pi8,7 = (1 5), pi8,11 = (1),
pi10,5 = (0 5), pi10,9 = (1 2)(6 7)(10 11), pi11,6 = (1),
pi12,0 = (2 5), pi12,1 = (2 5), pi12,2 = (9 11),
pi13,6 = pi14,0 = pi14,3 = (1) pi15,2 = pi16,3 = pi17,0 = (1), pi17,2 = pi19,0 = (1).
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We have that for each row in Table III, pis,tY = Y , |Bi∩pis,tBj| = s and |T (Bi \pis,tBj)∩T (pis,tBj \
Bi)| = t. ✷
Table III. Fine triangle intersections for (K14 \K6, G)-designs
i j (s, t) i j (s, t) i j (s, t)
1 1 (M14 ∪N14) \ {(0,13), 1 2 (4,15) 1 3 (8,11)
(0,17),(4,9),(4,15), 4 4 (0,17),(4,9),(8,5),(8,6),(12,1) 4 5 (0,13),(12,2),(17,0)
(8,5),(8,6),(8,11), 4 6 (15,2) 4 7 (14,3)
(11,6),(12,0),(12,1), 4 8 (11,6) 5 6 (17,2)
(12,2),(13,6),(14,0), 5 7 (16,3) 5 8 (13,6)
(14,3),(15,2),(16,3), 9 9 (12,0) 9 10 (14,0)
(17,0),(17,2)}
Lemma 3.9 Let M15 = {(0, 0), (0, 1), . . . , (0, 16), (0, 18), (0, 21), (21, 0)} and N15 = {(4, 17), (6, 0),
(6, 1), . . . , (6, 8), (6, 12), (8, 13), (9, 8), (12, 0), (12, 4), (12, 6), (12, 9), (13, 2), (13, 8), (17, 1), (17, 4),
(18, 0)}. Let G be a kite and (s, t) ∈ M15 ∪ N15. Then there is a pair of (K15 \K7, G)-designs
with the same vertex set and the same subgraph K7 removed, which intersect in s blocks and t+ s
triangles.
Proof Take the vertex set X = {0, 1, · · · , 14}. Let
A1 : [6, 14, 7− 5], [8, 1, 9− 4], [10, 2, 9− 6], [10, 3, 11− 8], [13, 6, 12− 5], [13, 5, 14− 1],
[9, 5, 11− 6], [10, 12, 7− 4], [8, 3, 7− 0], [11, 1, 7− 2];
A2 : [6, 14, 7− 4], [8, 1, 9− 6], [10, 2, 9− 4], [11, 4, 12− 2], [13, 6, 12− 1], [13, 5, 14− 3],
[9, 3, 12− 5], [10, 12, 7− 5], [8, 3, 7− 2], [11, 1, 7− 0];
A3 : [5, 14, 7− 6], [8, 1, 9− 4], [10, 2, 9− 6], [10, 3, 11− 8], [13, 5, 12− 6], [13, 6, 14− 1],
[9, 5, 11− 6], [10, 12, 7− 4], [8, 3, 7− 0], [11, 1, 7− 2];
A4 : [6, 14, 7− 4], [8, 1, 9− 4], [10, 2, 9− 6], [10, 3, 11− 8], [13, 6, 12− 5], [13, 5, 14− 1],
[9, 5, 11− 6], [10, 12, 7− 5], [8, 3, 7− 2], [11, 1, 7− 0];
A5 : [5, 14, 7− 6], [8, 1, 9− 6], [10, 2, 9− 4], [10, 3, 11− 6], [13, 5, 12− 6], [13, 6, 14− 1],
[9, 5, 11− 8], [10, 12, 7− 4], [8, 3, 7− 2], [11, 1, 7− 0];
A6 : [6, 14, 7− 4], [8, 1, 9− 6], [10, 2, 9− 4], [10, 3, 11− 6], [13, 6, 12− 5], [13, 5, 14− 1],
[9, 5, 11− 8], [10, 12, 7− 5], [8, 3, 7− 2], [11, 1, 7− 0];
A7 : [6, 14, 7− 4], [8, 1, 9− 6], [10, 2, 9− 4], [11, 4, 12− 2], [13, 6, 12− 1], [13, 5, 14− 1],
[9, 3, 12− 5], [10, 12, 7− 5], [8, 3, 7− 2], [11, 1, 7− 0];
A8 : [5, 14, 7− 4], [8, 1, 9− 4], [10, 2, 9− 6], [11, 4, 12− 1], [13, 5, 12− 6], [13, 6, 14− 1],
[9, 3, 12− 2], [10, 12, 7− 6], [8, 3, 7− 0], [11, 1, 7− 2];
A9 : [11, 4, 12− 1], [0, 9, 14− 12], [2, 11, 14− 3], [13, 1, 10− 5], [12, 0, 8− 14], [13, 2, 8− 4],
[14, 4, 10− 0], [9, 7, 13− 3], [10, 6, 8− 5], [0, 11, 13− 4], [9, 3, 12− 2];
A10 : [10, 3, 11− 8], [0, 9, 14− 12], [2, 11, 14− 3], [13, 1, 10− 5], [12, 0, 8− 14], [13, 2, 8− 4],
[14, 4, 10− 0], [9, 7, 13− 3], [9, 5, 11− 6], [10, 6, 8− 5], [0, 11, 13− 4];
A11 : [10, 3, 11− 6], [0, 9, 14− 1], [2, 11, 14− 12], [13, 1, 10− 0], [12, 0, 8− 5], [13, 2, 8− 14],
[14, 4, 10− 5], [9, 7, 13− 4], [9, 5, 11− 8], [10, 6, 8− 4], [0, 11, 13− 3].
Let Bi = Ai ∪ A9 when i = 1, 3, 4, 5, 6. Let B2 = A2 ∪ A11. Let Bi = Ai ∪ A10 when i = 7, 8.
Then (X,Bi) is a (K15 \ K7, G)-design for each 1 ≤ i ≤ 8, where the removed subgraph K7 is
constructed on Y = {0, 1, 2, 3, 4, 5, 6}. Consider the following permutations on X.
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pi0,0 = (8 9 10)(11 12 13 14), pi0,1 = (8 9)(11 12 13 14), pi0,2 = (0 1 2 3)(4 5 6),
pi0,3 = (8 9)(11 12)(13 14), pi0,4 = (0 1 2 3)(4 6), pi0,5 = (0 1 2 3)(4 5),
pi0,6 = (8 9)(10 11)(12 14), pi0,7 = (0 1 3)(4 6), pi0,8 = (0 2 3)(4 5),
pi0,9 = (8 10 12)(9 13)(11 14), pi0,10 = (1 4)(3 6)(7 12), pi0,11 = (8 10)(9 13)(11 14),
pi0,12 = (0 4)(1 6)(3 5)(9 10) pi0,13 = (1 3)(2 5 4)(8 11) pi0,14 = (1 2 4)(3 6)(7 10)
(12 13), (9 10)(12 13), (9 13)(11 14),
pi0,15 = (1 4)(3 6)(7 10)(9 13)(11 14), pi0,16 = (0 4), pi0,18 = pi0,21 = pi4,17 = (1),
pi6,0 = (9 10 13), pi6,1 = (7 9)(8 10), pi6,2 = (1 4)(9 13),
pi6,3 = (2 4)(7 11), pi6,4 = (0 4)(13 14), pi6,5 = (3 4)(8 12),
pi6,6 = (1 3 6), pi6,7 = (0 3 5), pi6,8 = (0 5 4),
pi6,12 = pi8,13 = (1), pi9,8 = (4 5), pi12,0 = (7 9),
pi12,4 = (0 4), pi12,6 = pi12,9 = (1), pi13,2 = (2 3),
pi13,8 = pi17,1 = pi17,4 = (1), = pi18,0 = pi21,0 = (1).
We have that for each i, j, s, t in Table IV, pis,tY = Y , |Bi ∩ pis,tBj | = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table IV. Fine triangle intersections for (K15 \K7, G)-designs
i j (s, t) i j (s, t) i j (s, t)
1 1 (M15 ∪N15) \ {(0, 16), 1 2 (0,16),(0,21) 1 3 (18,0)
(0,18),(0,21),(4,17), 1 4 (17,4) 1 5 (12,6)
(6,12),(8,13),(12,6), 1 6 (13,8) 1 7 (12,9)
(12,9),(13,8),(17,1), 1 8 (17,1) 2 3 (0,18)
(17,4)(18,0)} 2 4 (4,17) 2 5 (6,12)
2 6 (8,13)
Lemma 3.10 LetM18 = {(0, 0), (0, 1), . . . , (0, 17), (0, 27), (27, 0)} and N18 = {(3, 24), (6, 21), (8, 0),
(9, 18), (12, 5), (12, 15), (15, 0), (15, 12), (18, 9), (21, 0), (24, 3)}. Let G be a kite and (s, t) ∈M18 ∪
N18. Then there is a pair of (K18\K10, G)-designs with the same vertex set and the same subgraph
K10 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 17}. Let
A1 : [16, 7, 15− 1], [2, 14, 12− 7], [1, 10, 12− 0], [17, 2, 13− 0], [16, 1, 13− 9],
[17, 7, 14− 0], [8, 12, 15− 0], [8, 11, 14− 1], [7, 10, 13− 8], [17, 9, 12− 6],
[3, 10, 14− 9], [4, 10, 15− 2];
A2 : [16, 7, 15− 0], [13, 12, 4− 11], [12, 11, 3− 17], [1, 17, 11− 7], [16, 14, 4− 17],
[15, 13, 3− 16], [1, 10, 12− 7], [16, 1, 13− 0], [17, 7, 14− 9], [7, 10, 13− 9],
[3, 10, 14− 1], [4, 10, 15− 1];
A3 : [16, 7, 15− 0], [2, 14, 12− 7], [1, 10, 12− 0], [17, 2, 13− 0], [16, 1, 13− 9],
[17, 7, 14− 0], [8, 12, 15− 2], [8, 11, 14− 1], [7, 10, 13− 8], [17, 9, 12− 6],
[3, 10, 14− 9], [4, 10, 15− 1];
A4 : [16, 7, 15− 0], [2, 14, 12− 7], [1, 10, 12− 0], [17, 2, 13− 0], [16, 1, 13− 9],
[17, 7, 14− 9], [8, 12, 15− 2], [8, 11, 14− 0], [7, 10, 13− 8], [17, 9, 12− 6],
[3, 10, 14− 1], [4, 10, 15− 1];
A5 : [16, 7, 15− 0], [2, 14, 12− 7], [1, 10, 12− 0], [17, 2, 13− 8], [16, 1, 13− 0],
[17, 7, 14− 9], [8, 12, 15− 2], [8, 11, 14− 0], [7, 10, 13− 9], [17, 9, 12− 6],
[3, 10, 14− 1], [4, 10, 15− 1];
A6 : [16, 7, 15− 0], [2, 14, 12− 6], [1, 10, 12− 7], [17, 2, 13− 8], [16, 1, 13− 0],
[17, 7, 14− 9], [8, 12, 15− 2], [8, 11, 14− 0], [7, 10, 13− 9], [17, 9, 12− 0],
[3, 10, 14− 1], [4, 10, 15− 1];
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A7 : [16, 1, 15− 0], [13, 12, 7− 11], [12, 11, 4− 17], [3, 17, 11− 1], [16, 14, 7− 17],
[15, 13, 4− 16], [3, 10, 12− 1], [16, 3, 13− 0], [17, 1, 14− 9], [1, 10, 13− 9],
[4, 10, 14− 3], [7, 10, 15− 3];
A8 : [16, 7, 15− 0], [13, 12, 3− 11], [12, 11, 4− 17], [1, 17, 11− 7], [16, 14, 3− 17],
[15, 13, 4− 16], [1, 10, 12− 7], [16, 1, 13− 0], [17, 7, 14− 9], [7, 10, 13− 9],
[4, 10, 14− 1], [3, 10, 15− 1];
A9 : [0, 17, 10− 5], [8, 17, 16− 2], [15, 14, 6− 16], [14, 13, 5− 16], [13, 12, 4− 17],
[12, 11, 3− 16], [11, 2, 10− 6], [16, 9, 10− 8], [1, 17, 11− 5], [0, 11, 16− 12],
[17, 15, 5− 12], [16, 14, 4− 11], [15, 13, 3− 17], [13, 11, 6− 17], [15, 9, 11− 7];
A10 : [0, 17, 10− 8], [8, 17, 16− 12], [15, 14, 6− 17], [14, 13, 5− 12], [11, 2, 10− 5],
[16, 9, 10− 6], [0, 11, 16− 2], [17, 15, 5− 16], [2, 14, 12− 6], [13, 11, 6− 16],
[15, 9, 11− 5], [17, 2, 13− 8], [8, 12, 15− 2], [8, 11, 14− 0], [17, 9, 12− 0].
Let Bi = Ai ∪ A9 when i = 1, 3, 4, 5, 6. Let Bi = Ai ∪ A10 when i = 2, 7, 8. Then (X,Bi) is
a (K18 \ K9, G)-design for each 1 ≤ i ≤ 8, where the removed subgraph K10 is constructed on
Y = {0, 1, . . . , 9}. Consider the following permutations on X.
pi0,0 = (11 12 13 14)(15 16 17), pi0,1 = (11 12)(13 14 17 16 15),
pi0,2 = (11 12)(13 14 15 16 17),, pi0,3 = (11 12)(13 14)(15 16 17),
pi0,4 = (11 12)(13 14 15)(16 17), pi0,5 = (11 12)(13 14 16)(15 17),
pi0,6 = (11 12)(13 16 17)(14 15), pi0,7 = (10 11)(12 14 17)(15 16),
pi0,8 = (10 11)(14 15)(16 17), pi0,9 = (10 11 16 15)(12 17)(13 14),
pi0,10 = (10 11)(12 17)(15 16), pi0,11 = (10 17)(11 15)(12 16)(13 14),
pi0,12 = (10 11)(12 17)(13 14)(15 16),
pi0,13 = (0 6 4 3 7 1 2 5)(10 12 14 13)(11 15)(16 17),
pi0,14 = (0 5 9 8 6 7 3 1 2)(10 12 11 17 14)(13 16 15),
pi0,15 = (0 6 3 9)(1 4 8)(2 7 5)(10 15 12)(11 16)(13 17 14),
pi0,16 = (0 9 1 2)(3 4 8 5 6 7)(11 17 13 14 15 16 12),
pi0,17 = (0 7 6 9 5 3 8 1 2)(11 17 13 12 16 14), pi0,27 = pi3,24 = pi6,21 = (1),
pi8,0 = (3 7 6 4)(11 12 15), pi9,18 = (1),
pi12,5 = (2 6 5 3), pi12,15 = pi15,0 = pi15,12 = pi18,9 = (1),
pi21,0 = pi24,3 = pi27,0 = (1).
We have that for each i, j, s, t in Table V, pis,tY = Y , |Bi ∩ pis,tBj| = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table V. Fine triangle intersections for (K18 \K10, G)-designs
i j (s, t) i j (s, t) i j (s, t)
1 1 (M18 ∪N18)\{(0,27), 1 2 (0,27) 1 3 (24,3)
(24,3),(3,24),(6,21), 1 5 (18,9) 1 6 (15,12)
(18,9),(9,18),(15,12), 2 3 (3,24) 2 4 (6,21)
(12,15),(15,0),(21,0)} 2 5 (9,18) 2 6 (12,15)
2 7 (15,0) 2 8 (21,0)
Lemma 3.11 Let M19 = {(0, 0), (0, 1), . . . , (0, 18), (0, 21), (0, 31), (31, 0)} and N19 = {(2, 17), (3,
28), (6, 25), (9, 0), (9, 22), (11, 20), (12, 4), (12, 12), (15, 3), (17, 14), (18, 0), (18, 3), (20, 11), (22, 9),
(25, 0), (25, 6)}. Let G be a kite and (s, t) ∈ M19 ∪ N19. Then there is a pair of maximum
(K19 \ K10, G)-packings with the same vertex set and the same subgraph K10 removed, which
intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 18}. Let
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A1 : [10, 18, 0− 14], [18, 17, 9− 13], [17, 16, 8− 13], [16, 7, 15− 11], [6, 14, 15− 0],
[14, 13, 5− 10], [1, 18, 11− 9], [0, 17, 11− 4], [17, 5, 15− 1], [14, 12, 2− 18],
[13, 6, 11− 7], [16, 12, 0− 13], [15, 12, 9− 14], [14, 11, 8− 10], [18, 12, 5− 11];
A2 : [16, 7, 15− 1], [6, 14, 15− 11], [14, 13, 5− 11], [10, 9, 16− 5], [1, 18, 11− 7],
[18, 6, 16− 1], [17, 5, 15− 0], [13, 6, 11− 4], [15, 8, 18− 7], [7, 14, 17− 3],
[13, 7, 10− 6], [18, 12, 5− 10], [6, 17, 12− 7];
A3 : [16, 5, 15− 11], [7, 14, 15− 0], [14, 13, 6− 10], [10, 9, 16− 6], [1, 18, 11− 5],
[18, 7, 16− 1], [17, 6, 15− 1], [13, 7, 11− 4], [15, 8, 18− 5], [5, 14, 17− 3],
[13, 5, 10− 7], [18, 12, 6− 11], [7, 17, 12− 5];
A4 : [10, 18, 0− 13], [18, 17, 9− 13], [17, 16, 8− 13], [16, 7, 15− 11], [6, 14, 15− 0],
[14, 13, 5− 10], [1, 18, 11− 9], [0, 17, 11− 4], [17, 5, 15− 1], [14, 12, 2− 15],
[13, 6, 11− 7], [16, 12, 0− 14], [15, 12, 9− 14], [14, 11, 8− 10], [18, 12, 5− 11];
A5 : [10, 18, 0− 13], [18, 17, 9− 13], [17, 16, 8− 13], [16, 7, 15− 1], [6, 14, 15− 11],
[14, 13, 5− 10], [1, 18, 11− 9], [0, 17, 11− 4], [17, 5, 15− 0], [14, 12, 2− 15],
[13, 6, 11− 7], [16, 12, 0− 14], [15, 12, 9− 14], [14, 11, 8− 10], [18, 12, 5− 11];
A6 : [10, 18, 0− 13], [18, 17, 9− 13], [17, 16, 8− 13], [16, 7, 15− 1], [6, 14, 15− 11],
[14, 13, 5− 10], [1, 18, 11− 7], [0, 17, 11− 9], [17, 5, 15− 0], [14, 12, 2− 15],
[13, 6, 11− 4], [16, 12, 0− 14], [15, 12, 9− 14], [14, 11, 8− 10], [18, 12, 5− 11];
A7 : [10, 18, 0− 13], [18, 17, 9− 14], [17, 16, 8− 10], [16, 7, 15− 11], [1, 14, 15− 0],
[14, 13, 5− 10], [13, 12, 4− 18], [12, 11, 3− 16], [11, 2, 10− 15], [10, 9, 16− 5],
[6, 18, 11− 9], [0, 17, 11− 4], [18, 1, 16− 6], [17, 5, 15− 6], [16, 14, 4− 15],
[15, 13, 3− 10], [14, 12, 2− 18], [13, 1, 11− 7];
A8 : [10, 18, 0− 13], [18, 17, 9− 14], [17, 16, 8− 10], [16, 7, 15− 1], [6, 14, 15− 11],
[14, 13, 5− 11], [1, 18, 11− 9], [0, 17, 11− 4], [17, 5, 15− 0], [14, 12, 2− 18],
[13, 6, 11− 7], [16, 12, 0− 14], [15, 12, 9− 13], [14, 11, 8− 13], [18, 12, 5− 10];
A9 : [10, 18, 0− 13], [18, 17, 9− 14], [17, 16, 8− 10], [16, 7, 15− 1], [6, 14, 15− 11],
[14, 13, 5− 11], [1, 18, 11− 7], [0, 17, 11− 9], [17, 5, 15− 0], [14, 12, 2− 18],
[13, 6, 11− 4], [16, 12, 0− 14], [15, 12, 9− 13], [14, 11, 8− 13], [18, 12, 5− 10];
A10 : [18, 17, 9− 14], [16, 5, 15− 11], [12, 11, 3− 10], [11, 2, 10− 15], [10, 9, 16− 6],
[0, 17, 11− 9], [18, 7, 16− 1], [17, 6, 15− 1], [16, 14, 4− 18], [15, 13, 3− 16],
[14, 12, 2− 15], [1, 13, 17− 2], [16, 12, 0− 14], [5, 14, 17− 3], [2, 13, 16− 11],
[3, 14, 18− 13], [17, 4, 10− 14], [7, 17, 12− 5];
A11 : [18, 16, 9− 14], [17, 5, 15− 11], [12, 11, 3− 10], [11, 2, 10− 15], [10, 9, 17− 6],
[0, 16, 11− 9], [18, 7, 17− 1], [16, 6, 15− 1], [17, 14, 4− 18], [15, 13, 3− 16],
[14, 12, 2− 15], [1, 13, 16− 2], [17, 12, 0− 14], [5, 16, 14− 1], [2, 13, 17− 11],
[3, 14, 18− 13], [16, 4, 10− 14], [7, 16, 12− 5];
A12 : [18, 17, 9− 14], [16, 5, 15− 11], [12, 11, 2− 10], [11, 3, 10− 15], [10, 9, 16− 6],
[0, 17, 11− 9], [18, 7, 16− 1], [17, 6, 15− 1], [16, 14, 4− 18], [15, 13, 2− 16],
[14, 12, 3− 15], [1, 13, 17− 2], [16, 12, 0− 14], [5, 14, 17− 3], [3, 13, 16− 11],
[2, 14, 18− 13], [17, 4, 10− 14], [7, 17, 12− 5];
A13 : [13, 12, 4− 18], [12, 11, 3− 16], [11, 2, 10− 6], [10, 9, 16− 1], [18, 6, 16− 11],
[16, 14, 4− 15], [15, 13, 3− 10], [1, 10, 12− 7], [1, 13, 17− 3], [15, 8, 18− 13],
[7, 14, 17− 2], [2, 13, 16− 5], [13, 7, 10− 14], [3, 14, 18− 7], [17, 4, 10− 15],
[6, 17, 12− 8];
A14 : [10, 18, 0− 13], [18, 17, 9− 14], [17, 16, 8− 10], [13, 12, 4− 15], [12, 11, 3− 10],
[11, 2, 10− 15], [0, 17, 11− 9], [16, 14, 4− 18], [15, 13, 3− 16], [14, 12, 2− 15],
[1, 10, 12− 8], [1, 13, 17− 2], [16, 12, 0− 14], [2, 13, 16− 11], [15, 12, 9− 13],
[14, 11, 8− 13], [3, 14, 18− 13], [17, 4, 10− 14];
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A15 : [10, 18, 0− 13], [17, 16, 8− 10], [7, 14, 15− 0], [14, 13, 6− 10], [13, 12, 4− 15],
[1, 18, 11− 5], [13, 7, 11− 4], [1, 10, 12− 8], [15, 8, 18− 5], [15, 12, 9− 13],
[14, 11, 8− 13], [13, 5, 10− 7], [18, 12, 6− 11];
A16 : [6, 10, 12− 7], [6, 13, 17− 3], [16, 12, 0− 14], [15, 8, 18− 13], [7, 14, 17− 2],
[2, 13, 16− 11], [15, 12, 9− 13], [14, 11, 8− 13], [13, 7, 10− 1], [3, 14, 18− 7],
[18, 12, 5− 11], [17, 4, 10− 14], [1, 17, 12− 8].
Let Bi = Ai ∪ A13 when i = 1, 4, 5, 6, 8, 9. Let Bi = Ai ∪ A14 when i = 2, 3. Let B7 = A7 ∪ A16.
Let Bi = Ai ∪ A15 when i = 10, 11, 12. Then (X,Bi) is a maximum (K19 \ K10, G)-packing for
each 1 ≤ i ≤ 12, where the removed subgraph K10 is constructed on Y = {0, 1, . . . , 9}. Consider
the following permutations on X.
pi0,0 = (11 12 13)(15 18 16 17), pi0,1 = (11 12)(13 14 16)(15 17 18),
pi0,2 = (11 12)(14 16 18 15 17), pi0,3 = (11 12)(14 15 16 17 18),
pi0,4 = (11 12)(14 15 16 17), pi0,5 = (11 12)(14 15)(16 17 18),
pi0,6 = (11 12)(14 15 17 16), pi0,7 = (11 12)(14 16)(15 17),
pi0,8 = (11 12)(13 17)(14 15)(16 18), pi0,9 = (11 12)(13 18)(14 15)(16 17),
pi0,10 = (11 13)(12 15)(14 16)(17 18), pi0,11 = (10 11 13)(12 17)(14 16)(15 18),
pi0,12 = (11 17)(12 13)(14 16)(15 18), pi0,13 = (10 13)(12 17)(15 18),
pi0,14 = (10 13)(12 17)(14 16)(15 18), pi0,15 = (10 13)(11 16)(12 17)(15 18),
pi0,16 = (0 2 3 1 7 6)(4 5 9), pi0,17 = (0 1)(2 8 5)(3 4 9 6 7),
(10 13 11 15 17 14 18 16 12) (10 18 11 17 13 14 15 16 12)
pi0,18 = (5 6 9 8), pi0,21 = (1),
pi0,31 = (1), pi2,17 = (0 9)(2 3)(5 6)(11 14)(15 16)(17 18),
pi3,28 = pi6,25 = (1), pi9,0 = (1 7 6 4 3)(2 8),
pi9,22 = pi11,20 = (1), pi12,4 = (0 5 8 1 4),
pi12,12 = (1), pi15,3 = (5 6 9 8),
pi17,14 = pi18,0 = pi18,3 = pi20,11 = (1), pi22,9 = pi25,0 = pi25,6 = pi31,0 = (1)..
We have that for each i, j, s, t in Table VI, pis,tY = Y , |Bi ∩ pis,tBj | = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table VI. Fine triangle intersections for maximum (K19 \K10, G)-packings
i j (s, t) i j (s, t) i j (s, t)
1 1 (M19 ∪N19) \ {(0, 18), 1 2 (0,18),(0,31) 1 3 (0,21)
(0,21),(0,31),(3,28), 1 5 (25,6) 1 6 (22,9)
(6,25),(9,0),(9,22), 1 7 (12,12) 1 8 (20,11)
(11,20),(12,12),(17,14), 1 9 (17,14) 2 2 (9,0)
(18,0),(18,3),(20,11), 2 3 (18,3) 2 4 (3,28)
(22,9),(25,0),(25,6)} 2 5 (6,25) 2 6 (9,22)
2 8 (11,20) 10 11 (18,0)
10 12 (25,0)
Lemma 3.12 LetM20 = {(0, 0), (0, 1), . . . , (0, 17), (0, 22), (0, 24), (0, 28), (0, 36), (36, 0)} and N20 =
{(2, 16), (5, 31), (7, 21), (10, 18), (10, 26), (12, 0), (12, 3), (12, 6), (13, 15), (13, 23), (15, 13), (18, 10),
(18, 18), (21, 1), (21, 7), (23, 13), (24, 0), (26, 10), (28, 0), (31, 5)}. Let G be a kite and (s, t) ∈M20∪
N20. Then there is a pair of maximum (K20 \K10, G)-packings with the same vertex set and the
same subgraph K10 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 19}. Let
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A1 : [0, 19, 10− 15], [18, 19, 9− 12], [18, 17, 8− 13], [17, 16, 7− 11], [16, 15, 6− 12],
[5, 14, 15− 11], [14, 13, 4− 19], [11, 1, 10− 8], [10, 17, 9− 13], [17, 19, 6− 13],
[17, 4, 15− 1], [2, 13, 15− 9], [12, 10, 4− 18], [11, 16, 9− 14], [19, 16, 8− 14],
[18, 15, 7− 12], [15, 12, 8− 11], [14, 10, 7− 13];
A2 : [13, 12, 3− 10], [12, 2, 11− 4], [1, 12, 19− 14], [0, 18, 11− 17], [16, 5, 18− 13],
[16, 14, 3− 18], [14, 12, 0− 15], [13, 11, 19− 7], [13, 17, 0− 16], [14, 2, 17− 1],
[1, 13, 16− 12], [14, 6, 11− 3], [13, 10, 5− 19], [14, 1, 18− 12], [19, 15, 3− 17],
[2, 10, 16− 4], [6, 10, 18− 2], [17, 12, 5− 11];
A3 : [18, 19, 9− 12], [18, 17, 8− 13], [17, 16, 7− 11], [16, 15, 6− 12], [14, 13, 4− 19],
[10, 17, 9− 13], [17, 19, 6− 13], [12, 10, 4− 18], [11, 16, 9− 14], [19, 16, 8− 14],
[18, 15, 7− 12], [15, 12, 8− 11], [14, 10, 7− 13];
A4 : [0, 19, 10− 8], [18, 19, 9− 14], [18, 17, 8− 13], [17, 16, 7− 11], [16, 15, 6− 12],
[5, 14, 15− 11], [14, 13, 4− 19], [11, 1, 10− 15], [10, 17, 9− 12],
[17, 19, 6− 13], [17, 4, 15− 1], [2, 13, 15− 9], [12, 10, 4− 18], [11, 16, 9− 13],
[19, 16, 8− 14], [18, 15, 7− 12], [15, 12, 8− 11], [14, 10, 7− 13];
A5 : [18, 19, 9− 14], [18, 17, 8− 13], [17, 16, 7− 11], [16, 15, 6− 13], [14, 13, 4− 18],
[10, 17, 9− 12], [17, 19, 6− 12], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 14],
[18, 15, 7− 12], [15, 12, 8− 11], [14, 10, 7− 13];
A6 : [18, 19, 9− 14], [18, 17, 8− 11], [17, 16, 7− 11], [16, 15, 6− 13], [14, 13, 4− 18],
[10, 17, 9− 12], [17, 19, 6− 12], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 13],
[18, 15, 7− 12], [15, 12, 8− 14], [14, 10, 7− 13];
A7 : [0, 19, 10− 8], [18, 19, 9− 14], [18, 17, 8− 11], [17, 16, 7− 11], [16, 15, 6− 12],
[5, 14, 15− 11], [14, 13, 4− 18], [11, 1, 10− 15], [10, 17, 9− 12], [17, 19, 6− 13],
[17, 4, 15− 1], [2, 13, 15− 9], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 13],
[18, 15, 7− 12], [15, 12, 8− 14], [14, 10, 7− 13];
A8 : [18, 19, 9− 14], [18, 17, 8− 11], [17, 16, 7− 13], [16, 15, 6− 13], [14, 13, 4− 18],
[10, 17, 9− 12], [17, 19, 6− 12], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 13],
[18, 15, 7− 11], [15, 12, 8− 14], [14, 10, 7− 12];
A9 : [0, 19, 10− 8], [18, 19, 9− 14], [18, 17, 8− 11], [17, 16, 7− 13], [16, 15, 6− 12],
[5, 14, 15− 11], [14, 13, 4− 18], [11, 1, 10− 15], [10, 17, 9− 12], [17, 19, 6− 13],
[17, 4, 15− 1], [2, 13, 15− 9], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 13],
[18, 15, 7− 11], [15, 12, 8− 14], [14, 10, 7− 12];
A10 : [0, 19, 10− 8], [18, 19, 9− 14], [18, 17, 8− 11], [17, 16, 7− 13], [16, 15, 6− 13],
[5, 14, 15− 9], [14, 13, 4− 18], [11, 1, 10− 15], [10, 17, 9− 12], [17, 19, 6− 12],
[17, 4, 15− 11], [2, 13, 15− 1], [12, 10, 4− 19], [11, 16, 9− 13], [19, 16, 8− 13],
[18, 15, 7− 11], [15, 12, 8− 14], [14, 10, 7− 12];
A11 : [5, 19, 10− 15], [18, 19, 9− 12], [18, 17, 8− 13], [17, 16, 7− 11], [16, 15, 0− 12],
[6, 14, 15− 11], [14, 13, 4− 19], [13, 12, 3− 18], [12, 2, 11− 17], [11, 1, 10− 8],
[10, 17, 9− 13], [1, 12, 19− 7], [5, 18, 11− 3], [17, 19, 0− 13], [16, 6, 18− 12],
[17, 4, 15− 1], [16, 14, 3− 17], [2, 13, 15− 9];
A12 : [13, 12, 3− 18], [12, 2, 11− 17], [1, 12, 19− 7], [0, 18, 11− 3], [16, 5, 18− 12],
[16, 14, 3− 17], [14, 12, 0− 16], [13, 11, 19− 14], [13, 17, 0− 15], [17, 14, 2− 19],
[1, 13, 16− 4], [14, 6, 11− 4], [13, 10, 5− 11], [14, 1, 18− 2], [19, 15, 3− 10],
[2, 10, 16− 12], [6, 10, 18− 13], [17, 12, 5− 19];
A13 : [5, 19, 10− 15], [0, 14, 15− 11], [13, 12, 3− 18], [12, 2, 11− 17], [11, 1, 10− 8],
[1, 12, 19− 7], [5, 18, 11− 3], [16, 0, 18− 12], [17, 4, 15− 1], [16, 14, 3− 17],
[2, 13, 15− 9], [14, 12, 5− 16], [13, 11, 19− 14], [13, 17, 5− 15], [17, 14, 2− 19],
[1, 13, 16− 4], [14, 6, 11− 4], [13, 10, 0− 11], [14, 1, 18− 2], [19, 15, 3− 10],
[2, 10, 16− 12], [6, 10, 18− 13], [17, 12, 0− 19];
A14 : [14, 12, 5− 16], [13, 11, 19− 14], [12, 10, 4− 18], [11, 16, 9− 14], [13, 17, 5− 15],
[19, 16, 8− 14], [18, 15, 7− 12], [17, 14, 2− 19], [1, 13, 16− 4], [15, 12, 8− 11],
[14, 0, 11− 4], [13, 10, 6− 11], [14, 1, 18− 2], [19, 15, 3− 10], [2, 10, 16− 12],
[14, 10, 7− 13], [0, 10, 18− 13], [17, 12, 6− 19].
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Let Bi = Ai∪A12 when i = 1, 4, 7, 9, 10. Let Bi = Ai∪A13 when i = 3, 5, 6, 8. Let B2 = A2∪A10
and B11 = A11 ∪ A14. Then (X,Bi) is a maximum (K20 \K10, G)-packing for each 1 ≤ i ≤ 11,
where the removed subgraph K10 is constructed on Y = {0, 1, . . . , 9}. Consider the following
permutations on X.
pi0,0 = (11 12 13)(14 15 19 18 17 16), pi0,1 = (11 12)(13 14 15)(16 17 18 19),
pi0,2 = (11 12)(14 15 16)(17 18 19), pi0,3 = (11 12)(14 15 16 17 18 19),
pi0,4 = (11 12)(14 15)(16 17 18), pi0,5 = (11 12)(14 15)(16 17 19 18),
pi0,6 = (11 12)(14 15 17 18)(16 19), pi0,7 = (11 12)(14 15)(16 17)(18 19),
pi0,8 = (11 12)(13 14)(17 19), pi0,9 = (11 12)(14 18)(15 17)(16 19),
pi0,10 = (11 12 13 14 15), pi0,11 = (11 12)(13 14 15),
pi0,12 = (11 13)(12 14 15), pi0,13 = (11 12)(13 17)(14 15),
pi0,14 = (10 12)(11 19)(13 14)(15 17)(16 18), pi0,15 = (10 12)(11 16)(13 17)(14 15)(18 19),
pi0,16 = (10 17)(11 15)(12 13)(14 16)(18 19), pi0,17 = (10 14)(11 18)(12 19)(13 15)(16 17),
pi0,22 = (0 3 4 6), pi0,24 = pi0,28 = pi0,36 = (1),
pi2,16 = (0 2 3 5 1)(4 7 6)(10 11 18 19 12 13)(15 17 16), pi5,31 = pi7,21 = pi10,18 = pi10,26 = (1),
pi12,0 = (0 3 4)(1 6)(7 8), pi12,3 = (0 7 2 6)(3 4),
pi12,6 = (5 9)(6 8)(16 17), pi13,15 = pi13,23 = pi15,13 = pi18,10 = (1),
pi18,18 = (1), pi21,1 = (0 3 4 6),
pi21,7 = pi23,13 = pi24,0 = pi26,10 = (1), pi28,0 = pi31,5 = pi36,0 = (1).
We have that for each i, j, s, t in Table VII, pis,tY = Y , |Bi ∩ pis,tBj| = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table VII. Fine triangle intersections for maximum (K20 \K10, G)-packings
i j (s, t) i j (s, t) i j (s, t)
1 1 (M20 ∪N20) \ {(0, 22), 1 2 (0,22),(0,36) 1 3 (28,0)
(0,24),(0,28),(0,36), 1 4 (31,5) 1 5 (21,7)
(5,31),(7,21),(10,18), 1 6 (18,10) 1 7 (26,10)
(10,26),(13,15),(13,23), 1 8 (15,13) 1 9 (23,13)
(15,13),(18,10),(18,18), 1 10 (18,18) 1 11 (24,0)
(21,7),(23,13),(24,0), 2 3 (0,28) 2 4 (5,31)
(26,10),(28,0),(31,5)} 2 5 (7,21) 2 6 (10,18)
2 7 (10,26) 2 8 (13,15)
2 9 (13,23) 2 11 (0,24)
Lemma 3.13 Let M21 = {(0, 0), (0, 1), . . . , (0, 19), (0, 24), (0, 36), (36, 0)} and N21 = {(6, 30), (7,
0), . . . , (7, 7), (12, 5), (12, 24), (13, 11), (18, 18), (24, 0), (24, 12), (30, 6)}. Let G be a kite and (s, t) ∈
M21 ∪N21. Then there is a pair of (K21 \K12, G)-designs with the same vertex set and the same
subgraph K12 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 20}. Let
A1 : [0, 12, 20− 8], [20, 9, 19− 3], [8, 18, 19− 2], [7, 18, 17− 0], [17, 6, 16− 11],
[16, 5, 15− 0], [4, 14, 15− 7], [6, 18, 20− 1], [5, 17, 19− 7], [18, 4, 16− 0],
[3, 15, 17− 1], [17, 10, 20− 4], [19, 10, 16− 1], [15, 2, 20− 5], [14, 1, 19− 4],
[4, 12, 17− 2], [9, 13, 17− 11], [3, 20, 16− 9];
A2 : [0, 12, 20− 1], [20, 9, 19− 2], [8, 18, 19− 3], [7, 18, 17− 1], [17, 6, 16− 0],
[16, 5, 15− 7], [4, 14, 15− 0], [6, 18, 20− 8], [5, 17, 19− 4], [18, 4, 16− 11],
[3, 15, 17− 0], [17, 10, 20− 5], [19, 10, 16− 9], [15, 2, 20− 4], [14, 1, 19− 7],
[4, 12, 17− 11], [9, 13, 17− 2], [3, 20, 16− 1];
A3 : [0, 12, 20− 8], [8, 18, 19− 2], [16, 5, 15− 0], [4, 14, 15− 7], [13, 2, 12− 5],
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[19, 11, 12− 7], [0, 19, 13− 6], [6, 18, 20− 1], [5, 17, 19− 7], [1, 13, 15− 11],
[20, 11, 13− 5], [14, 1, 19− 4], [19, 6, 15− 8];
A4 : [0, 12, 20− 1], [20, 9, 19− 2], [8, 18, 19− 3], [7, 18, 17− 0], [17, 6, 16− 11],
[16, 5, 15− 0], [4, 14, 15− 7], [6, 18, 20− 8], [5, 17, 19− 7], [18, 4, 16− 0],
[3, 15, 17− 1], [17, 10, 20− 5], [19, 10, 16− 1], [15, 2, 20− 4], [14, 1, 19− 4],
[4, 12, 17− 2], [9, 13, 17− 11], [3, 20, 16− 9];
A5 : [0, 12, 20− 1], [20, 9, 19− 2], [8, 18, 19− 3], [7, 18, 17− 1], [17, 6, 16− 11],
[16, 5, 15− 0], [4, 14, 15− 7], [6, 18, 20− 8], [5, 17, 19− 4], [18, 4, 16− 0],
[3, 15, 17− 0], [17, 10, 20− 5], [19, 10, 16− 1], [15, 2, 20− 4], [14, 1, 19− 7],
[4, 12, 17− 11], [9, 13, 17− 2], [3, 20, 16− 9];
A6 : [0, 12, 20− 1], [8, 18, 19− 4], [16, 5, 15− 7], [4, 14, 15− 0], [13, 2, 12− 7],
[19, 11, 12− 5], [0, 19, 13− 5], [6, 18, 20− 8], [5, 17, 19− 2], [1, 13, 15− 8],
[20, 11, 13− 6], [14, 1, 19− 7], [19, 6, 15− 11];
A7 : [0, 12, 20− 1], [20, 9, 19− 2], [8, 18, 19− 3], [7, 18, 17− 1], [17, 6, 16− 0],
[16, 5, 15− 7], [4, 14, 15− 0], [6, 18, 20− 8], [5, 17, 19− 4], [18, 4, 16− 11],
[3, 15, 17− 0], [17, 10, 20− 5], [19, 10, 16− 9], [15, 2, 20− 4], [14, 1, 19− 7],
[4, 12, 17− 11], [9, 13, 17− 2], [3, 20, 16− 1];
A8 : [14, 3, 13− 4], [13, 2, 12− 5], [19, 11, 12− 7], [0, 19, 13− 6], [2, 16, 14− 6],
[1, 13, 15− 11], [9, 12, 14− 10], [20, 11, 13− 5], [9, 15, 18− 1], [17, 8, 14− 0],
[16, 7, 13− 8], [10, 15, 12− 6], [14, 11, 18− 2], [13, 10, 18− 5], [20, 7, 14− 5],
[3, 12, 18− 0], [16, 8, 12− 1], [19, 6, 15− 8];
A9 : [20, 10, 19− 9], [7, 18, 17− 0], [17, 6, 16− 11], [14, 9, 13− 4], [18, 4, 16− 0],
[9, 15, 17− 1], [2, 16, 14− 6], [10, 12, 14− 3], [17, 3, 20− 4], [19, 3, 16− 1],
[10, 15, 18− 1], [17, 8, 14− 0], [16, 7, 13− 8], [3, 15, 12− 6], [14, 11, 18− 2],
[13, 3, 18− 5], [15, 2, 20− 5], [20, 7, 14− 5], [9, 12, 18− 0], [16, 8, 12− 1],
[4, 12, 17− 2], [10, 13, 17− 11], [9, 20, 16− 10];
A10 : [14, 3, 13− 6], [13, 2, 12− 7], [19, 11, 12− 5], [0, 19, 13− 4], [2, 16, 14− 10],
[1, 13, 15− 8], [9, 12, 14− 6], [20, 11, 13− 8], [9, 15, 18− 2], [17, 8, 14− 5],
[16, 7, 13− 5], [10, 15, 12− 1], [14, 11, 18− 1], [13, 10, 18− 0], [20, 7, 14− 0],
[3, 12, 18− 5], [16, 8, 12− 6], [19, 6, 15− 11].
Let Bi = Ai ∪ A8 when i = 1, 4, 5, 7. Let Bi = Ai ∪ A9 when i = 3, 6. Let B2 = A2 ∪ A10.
Then (X,Bi) is a (K21 \K12, G)-design for each 1 ≤ i ≤ 7, where the removed subgraph K12 is
constructed on Y = {0, 1, . . . , 11}. Consider the following permutations on X.
pi0,0 = (0 11 4 9 6 5 2)(1 3 10 8 7), pi0,1 = (13 14)(15 16 18 19 20 17),
pi0,2 = (0 10 5 11 6 7 3 2 9 8 4), pi0,3 = (0 6 8 4 2 3 9 10)(1 7 5),
pi0,4 = (0 6 8 2 1)(3 4 9)(5 11 7), pi0,5 = (1 3 7 5)(2 10 4)(6 8 9),
pi0,6 = (0 3 8 2 10 9 7)(1 6 5), pi0,7 = (0 10 5 2 6 8 1 7)(4 9),
pi0,8 = (0 11 1 6 5)(2 4 9 8 7), pi0,9 = (1 5 7 9 2)(3 6 4 8),
pi0,10 = (0 6 9 5 4 1 7 2 10), pi0,11 = (0 2 9 4 8)(1 11 6 5),
pi0,12 = (0 7 2 1 10 6 11 3), pi0,13 = (12 13)(14 18)(15 16)(17 19 20),
pi0,14 = (0 6 9 2 5)(1 4 7), pi0,15 = (0 10 1)(12 17)(13 20)(14 16)(15 18),
pi0,16 = (12 16)(13 14)(15 19)(18 20), pi7,0 = (0 3 6)(1 4 8 9)(15 16 17),
pi0,17 = (0 6 3 7 1 5 4 2 9 8)(12 20 13 19 15 17 18 14 16), pi7,1 = (3 10 6 11 9)(16 19 18),
pi0,18 = (0 7 1 6 11 2 4 8 9)(12 16 14 15)(13 17 18 20), pi7,2 = (1 3 9 6 11 7 8)(14 19),
pi0,19 = (0 11)(2 9)(3 8)(5 10 6 7)(14 15)(16 18)(19 20), pi7,3 = (0 9)(2 6)(8 10 11)(12 20)(16 18),
pi0,24 = pi0,36 = pi6,30 = (1), pi7,4 = (0 8)(2 10 6)(12 17 19),
pi7,5 = (0 6 8 10 1)(14 18 15 16), pi7,6 = (0 1 4)(2 8 6)(15 17),
pi7,7 = (0 5 10 4 3)(15 17), pi12,5 = (0 1 3)(15 16),
pi12,24 = pi13,11 = pi18,18 = pi24,0 = (1), pi24,12 = pi30,6 = pi36,0 = (1).
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We have that for each i, j, s, t in Table VIII, pis,tY = Y , |Bi ∩ pis,tBj| = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table VIII. Fine triangle intersections for (K21 \K12, G)-designs
i j (s, t) i j (s, t)
1 1 (M21 ∪N21) \ {(0, 36), 1 2 (0,36)
(24,0),(0,24),(30,6), 1 3 (24,0)
(6,30),(24,12),(12,24), 1 4 (30,6)
(13,11),(18,18)} 1 5 (24,12)
1 6 (13,11)
1 7 (18,18)
2 3 (0,24)
2 4 (6,30)
2 5 (12,24)
Lemma 3.14 Let M22 = {(0, 0), (0, 1), . . . , (0, 20), (10, 0), (10, 1) . . . , (10, 6), (13, 7), (40, 0)} and
N22 = {(0, 28), (0, 40), (7, 33), (11, 17), (14, 26), (17, 11), (21, 19), (26, 14), (28, 0), (33, 7)}. Let (s, t)
∈ M22 ∪ N22. Then there is a pair of kite-GDDs of type 8
261 with the same group set, which
intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 21}. Let
A1 : [0, 16, 8− 6], [1, 17, 8− 7], [3, 18, 8− 2], [1, 16, 9− 3], [4, 20, 9− 6],
[5, 19, 9− 7], [6, 19, 10− 0], [21, 4, 10− 5], [2, 16, 11− 6], [3, 19, 11− 7],
[4, 18, 11− 5], [18, 6, 15− 2], [7, 20, 15− 4], [19, 0, 15− 3], [17, 5, 15− 1],
[0, 11, 20− 2], [13, 5, 20− 6], [1, 12, 20− 8], [3, 10, 20− 14];
A2 : [0, 16, 8− 2], [1, 17, 8− 6], [3, 18, 8− 7], [1, 16, 9− 3], [4, 20, 9− 6],
[5, 19, 9− 7], [6, 19, 10− 0], [21, 4, 10− 5], [2, 16, 11− 6], [3, 19, 11− 7],
[4, 18, 11− 5], [18, 6, 15− 4], [7, 20, 15− 2], [19, 0, 15− 1], [17, 5, 15− 3],
[0, 11, 20− 2], [13, 5, 20− 6], [1, 12, 20− 8], [3, 10, 20− 14];
A3 : [0, 16, 8− 2], [1, 17, 8− 6], [3, 18, 8− 7], [1, 16, 9− 7], [4, 20, 9− 3],
[5, 19, 9− 6], [6, 19, 10− 0], [21, 4, 10− 5], [2, 16, 11− 6], [3, 19, 11− 7],
[4, 18, 11− 5], [18, 6, 15− 4], [7, 20, 15− 2], [19, 0, 15− 1], [17, 5, 15− 3],
[0, 11, 20− 6], [13, 5, 20− 2], [1, 12, 20− 14], [3, 10, 20− 8];
A4 : [0, 16, 8− 2], [1, 17, 8− 6], [3, 18, 8− 7], [1, 16, 9− 7], [4, 20, 9− 3],
[5, 19, 9− 6], [6, 19, 10− 5], [21, 4, 10− 0], [2, 16, 11− 5], [3, 19, 11− 6],
[4, 18, 11− 7], [18, 6, 15− 4], [7, 20, 15− 2], [19, 0, 15− 1], [17, 5, 15− 3],
[0, 11, 20− 6], [13, 5, 20− 2], [1, 12, 20− 14], [3, 10, 20− 8];
A5 : [0, 16, 8− 6], [1, 17, 8− 7], [3, 18, 8− 2], [1, 16, 9− 3], [4, 21, 9− 6],
[5, 19, 9− 7], [6, 19, 10− 0], [20, 4, 10− 5], [2, 16, 11− 6], [3, 19, 11− 7],
[4, 18, 11− 5], [2, 19, 12− 6], [4, 17, 12− 0], [20, 7, 12− 5];
A6 : [0, 16, 8− 2], [1, 17, 8− 6], [3, 18, 8− 7], [1, 16, 9− 7], [4, 21, 9− 3],
[5, 19, 9− 6], [6, 19, 10− 5], [20, 4, 10− 0], [2, 16, 11− 5], [3, 19, 11− 6],
[4, 18, 11− 7], [2, 19, 12− 5], [4, 17, 12− 6], [20, 7, 12− 0];
A7 : [0, 16, 8− 2], [1, 17, 8− 6], [3, 18, 8− 7], [1, 16, 9− 7], [4, 20, 9− 3],
[5, 19, 9− 6], [6, 19, 10− 5], [21, 4, 10− 0], [2, 16, 11− 5], [3, 19, 11− 6],
[4, 18, 11− 7], [2, 19, 12− 5], [4, 17, 12− 6], [21, 7, 12− 0], [3, 17, 13− 2],
[4, 16, 13− 1], [7, 18, 13− 6], [5, 16, 14− 7], [6, 17, 14− 4], [0, 18, 14− 3],
[18, 6, 15− 4], [7, 20, 15− 2], [19, 0, 15− 1], [17, 5, 15− 3], [7, 10, 16− 6],
[3, 12, 16− 15], [0, 9, 17− 11], [2, 10, 17− 7], [1, 10, 18− 12], [2, 9, 18− 5],
28
[4, 8, 19− 7], [14, 1, 19− 13], [0, 11, 20− 6], [13, 5, 20− 2], [1, 12, 20− 14],
[3, 10, 20− 8], [0, 13, 21− 9], [1, 11, 21− 3], [5, 8, 21− 6], [14, 2, 21− 15];
A8 : [2, 19, 12− 6], [4, 17, 12− 0], [21, 7, 12− 5], [3, 17, 13− 1], [4, 16, 13− 6],
[7, 18, 13− 2], [5, 16, 14− 4], [6, 17, 14− 3], [0, 18, 14− 7], [7, 10, 16− 15],
[3, 12, 16− 6], [0, 9, 17− 7], [2, 10, 17− 11], [1, 10, 18− 5], [2, 9, 18− 12],
[4, 8, 19− 13], [14, 1, 19− 7], [0, 13, 21− 3], [1, 11, 21− 9], [5, 8, 21− 15],
[14, 2, 21− 6];
A9 : [3, 17, 13− 1], [4, 16, 13− 6], [7, 18, 13− 2], [5, 16, 14− 4], [6, 17, 14− 3],
[0, 18, 14− 7], [18, 6, 15− 2], [7, 21, 15− 4], [19, 0, 15− 3], [17, 5, 15− 1],
[7, 10, 16− 15], [3, 12, 16− 6], [0, 9, 17− 7], [2, 10, 17− 11], [1, 10, 18− 5],
[2, 9, 18− 12], [4, 8, 19− 13], [14, 1, 19− 7], [0, 11, 21− 2], [13, 5, 21− 6],
[1, 12, 21− 8], [3, 10, 21− 14], [0, 13, 20− 3], [1, 11, 20− 9], [5, 8, 20− 15],
[14, 2, 20− 6].
Let Bi = Ai ∪ A8 when 1 ≤ i ≤ 4. Let Bi = Ai ∪ A9 when i = 5, 6. Let B7 = A7.
Then (X,G,Bi) is a kite-GDDs of type 8
261 for each 1 ≤ i ≤ 7, where G = {G1, G2, G3} =
{{0, 1, . . . , 7}, {8, 9, . . . , 15}, {16, 17, . . . , 21}}. Now take permutation pis,t = (1) if (s, t) ∈ N22.
For (s, t) ∈M22, we take
pi0,0 = (0 1)(2 3)(4 5)(6 7), pi0,1 = (2 3)(4 5 6 7)(16 17)(18 19 20 21),
pi0,2 = (2 3)(4 7)(5 6)(16 17)(18 21)(19 20), pi0,3 = (3 4 6 5 7)(17 18 20 19 21),
pi0,4 = (3 4 7)(5 6)(17 18 21)(19 20), pi0,5 = (3 4)(5 6 7)(17 18)(19 20 21),
pi0,6 = (3 4 5 6 7)(17 18 19 20 21), pi0,7 = (3 4 6 7 5)(17 18 20 21 19),
pi0,8 = (3 4 7 6)(17 18 21 20), pi0,9 = (2 4 6)(3 7 5)(16 18 20)(17 21 19),
pi0,10 = (3 4)(6 7)(17 18)(20 21), pi0,11 = (0 1 4 2 6 7 3 5)(16 20 21 18 17 19),
pi0,12 = (0 1 3 4 5 6)(16 17 18 19 20), pi0,13 = (0 2 1 3 4 5 6)(16 17 18 19 20),
pi0,14 = (9 11 14 12)(10 15 13)(16 21 19 17 20 18), pi0,15 = (2 4 6)(3 7)(10 12 14)(11 15),
pi0,16 = (0 1)(2 6)(5 7)(8 9)(10 14)(13 15), pi0,17 = (0 1)(2 4 3 5 7 6)(8 9)(10 12 11 13 15 14),
pi0,18 = (0 7 4 1 2 5 3)(8 13)(9 10 14 12) pi0,19 = (0 5 3 4 1)(2 7)(8 11 15 10 14)
(16 17)(18 21 20), (9 13)(16 21 19)(17 20),
pi0,20 = (0 1 5 7 6 2 4)(8 14 12 15 10 13 11) pi10,0 = (2 4)(8 15 13)(16 20),
(16 19 18 20 17), pi10,1 = (0 7 1)(10 13)(17 19),
pi10,2 = (8 12 11 10 9)(20 21), pi10,3 = (2 5)(8 12)(16 18 21),
pi10,4 = (1 7)(9 12 10)(18 19), pi10,5 = (1 5 3)(11 15 14),
pi10,6 = (3 7)(8 10 15 14), pi13,7 = (1 3 7)(10 15).
We have that for each i, j, s, t in Table IX, pis,tGl = Gl for 1 ≤ l ≤ 3, |Bi ∩ pis,tBj| = s and
|T (Bi \ pis,tBj) ∩ T (pis,tBj \ Bi)| = t. ✷
Table IX. Fine triangle intersections for kite-GDDs of type 8261
i j (s, t) i j (s, t) i j (s, t)
1 1 M22 1 2 (33,7) 1 3 (26,14)
1 4 (21,19) 1 5 (28,0) 1 6 (17,11)
1 7 (0,40) 7 2 (7,33) 7 3 (14,26)
7 5 (0,28) 7 6 (11,17)
Lemma 3.15 Let M23 = {(0, 0), (0, 1), . . . , (0, 18), (7, 0), (7, 6), (7, 7), (7, 10), (10, 6), (52, 0)} and
N23 = {(0, 22), (0, 26), (0, 34), (0, 42), (0, 52), (3, 49), (5, 21), (5, 29), (5, 37), (6, 46), (7, 19), (9, 43),
(10, 24), (10, 32), (12, 14), (12, 40), (14, 0), (14, 12), (15, 19), (15, 27), (15, 37), (18, 8), (18, 34), (19,
29
15), (20, 22), (21, 5), (21, 31), (22, 0), (22, 20), (24, 10), (24, 28), (26, 0), (27, 15), (27, 25), (28, 24), (29,
5), (31, 21), (32, 10), (34, 0), (34, 18), (37, 5), (37, 15), (40, 12), (42, 0), (43, 9), (46, 6), (49, 3)}. Let G
be a kite and (s, t) ∈ M23 ∪ N23. Then there is a pair of (K23 \ K10, G)-designs with the same
vertex set and the same subgraph K10 removed, which intersect in s blocks and t+ s triangles.
Proof Take the vertex set X = {0, 1, . . . , 22}. Let
A1 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 10], [3, 13, 14− 21],
[12, 2, 13− 22], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 1],
[15, 1, 13− 18], [12, 6, 10− 5], [1, 22, 14− 11], [5, 18, 21− 2], [20, 17, 4− 21],
[19, 3, 16− 0], [20, 1, 16− 10], [10, 18, 14− 9], [17, 13, 10− 3], [8, 12, 16− 11],
[1, 19, 10− 2], [19, 12, 4− 22], [6, 15, 21− 3], [20, 5, 13− 9];
A2 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 10], [3, 13, 14− 21],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 1],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 11], [5, 18, 21− 2], [20, 17, 4− 21],
[19, 3, 16− 0], [20, 1, 16− 10], [10, 18, 14− 9], [17, 13, 10− 3], [8, 12, 16− 11],
[1, 19, 10− 2], [19, 12, 4− 22], [6, 15, 21− 3], [20, 5, 13− 22];
A3 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 10], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 1],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 21], [5, 18, 21− 2], [20, 17, 4− 21],
[19, 3, 16− 0], [20, 1, 16− 10], [10, 18, 14− 11], [17, 13, 10− 3], [8, 12, 16− 11],
[1, 19, 10− 2], [19, 12, 4− 22], [6, 15, 21− 3], [20, 5, 13− 22];
A4 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 10], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 21],
[19, 3, 16− 0], [20, 1, 16− 10], [10, 18, 14− 11], [17, 13, 10− 3], [8, 12, 16− 11],
[1, 19, 10− 2], [19, 12, 4− 22], [6, 15, 21− 2], [20, 5, 13− 22];
A5 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 22], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 10],
[19, 3, 16− 0], [20, 1, 16− 10], [10, 18, 14− 11], [17, 13, 10− 3], [8, 12, 16− 11],
[1, 19, 10− 2], [19, 12, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A6 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 22], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 10],
[19, 3, 16− 11], [20, 1, 16− 0], [10, 18, 14− 11], [17, 13, 10− 3], [8, 12, 16− 10],
[1, 19, 10− 2], [19, 12, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A7 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [15, 14, 4− 22], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 2], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 10],
[19, 3, 16− 11], [20, 1, 16− 0], [10, 18, 14− 11], [17, 13, 10− 5], [8, 12, 16− 10],
[1, 19, 10− 3], [19, 12, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A8 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 7], [15, 14, 4− 22], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 17], [0, 10, 11− 8], [22, 9, 10− 8], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 5], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 10],
[19, 3, 16− 11], [20, 1, 16− 0], [10, 18, 14− 11], [17, 13, 10− 3], [8, 12, 16− 10],
[1, 19, 10− 2], [19, 12, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A9 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 7], [15, 14, 4− 22], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 17], [0, 10, 11− 8], [22, 9, 10− 8], [0, 13, 21− 3],
[15, 1, 13− 9], [12, 6, 10− 2], [1, 22, 14− 21], [5, 18, 21− 1], [20, 17, 4− 10],
[19, 3, 16− 11], [20, 1, 16− 0], [10, 18, 14− 11], [17, 13, 10− 5], [8, 12, 16− 10],
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[1, 19, 10− 3], [19, 12, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A10 : [16, 17, 6− 13], [16, 5, 15− 10], [22, 8, 20− 7], [21, 19, 7− 14], [20, 18, 6− 14],
[5, 17, 19− 13], [18, 4, 16− 21], [3, 15, 17− 1], [2, 14, 16− 22], [14, 5, 12− 18],
[13, 4, 11− 5], [12, 6, 10− 2], [18, 9, 11− 6], [0, 14, 20− 2], [6, 19, 22− 5],
[16, 13, 7− 22], [7, 12, 15− 8], [15, 0, 19− 14], [3, 18, 22− 15], [17, 13, 10− 5],
[15, 20, 11− 17], [1, 19, 10− 3], [2, 22, 17− 0], [2, 19, 11− 3], [20, 3, 12− 9];
A11 : [16, 17, 6− 14], [16, 5, 15− 8], [22, 8, 20− 2], [21, 19, 7− 22], [20, 18, 6− 13],
[5, 17, 19− 14], [18, 4, 16− 22], [3, 15, 17− 0], [2, 14, 16− 21], [14, 5, 12− 9],
[13, 4, 11− 6], [12, 6, 10− 5], [18, 9, 11− 5], [0, 14, 20− 7], [6, 19, 22− 15],
[16, 13, 7− 14], [7, 12, 15− 10], [15, 0, 19− 13], [3, 18, 22− 5], [17, 13, 10− 3],
[15, 20, 11− 3], [1, 19, 10− 2], [2, 22, 17− 1], [2, 19, 11− 17], [20, 3, 12− 18];
A12 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 20, 10− 8], [20, 19, 9− 15], [3, 13, 14− 21],
[12, 2, 13− 22], [1, 11, 12− 21], [0, 10, 11− 7], [22, 9, 10− 7], [22, 8, 20− 2],
[18, 6, 16− 22], [2, 14, 16− 21], [15, 1, 13− 18], [1, 22, 14− 11], [0, 14, 20− 7],
[19, 3, 16− 0], [21, 17, 9− 16], [20, 1, 16− 10], [10, 18, 14− 9], [8, 12, 16− 11],
[20, 5, 13− 9];
A13 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 7], [20, 19, 9− 16], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 17], [0, 10, 11− 8], [22, 9, 10− 8], [22, 8, 20− 7],
[18, 6, 16− 21], [2, 14, 16− 22], [15, 1, 13− 9], [1, 22, 14− 21], [0, 14, 20− 2],
[19, 3, 16− 11], [21, 17, 9− 15], [20, 1, 16− 0], [10, 18, 14− 11], [8, 12, 16− 10],
[20, 5, 13− 22];
A14 : [0, 22, 12− 21], [22, 21, 11− 8], [21, 20, 10− 8], [20, 19, 9− 15], [3, 13, 14− 9],
[12, 2, 13− 22], [1, 11, 12− 17], [0, 10, 11− 7], [22, 9, 10− 7], [22, 8, 20− 2],
[18, 6, 16− 22], [2, 14, 16− 21], [15, 1, 13− 18], [1, 22, 14− 21], [0, 14, 20− 7],
[19, 3, 16− 0], [21, 17, 9− 16], [20, 1, 16− 10], [10, 18, 14− 11], [8, 12, 16− 11],
[20, 5, 13− 9];
A15 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 8], [20, 19, 9− 15], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 17], [0, 10, 11− 8], [22, 9, 10− 7], [22, 8, 20− 7],
[18, 6, 16− 22], [2, 14, 16− 21], [15, 1, 13− 9], [1, 22, 14− 21], [0, 14, 20− 2],
[19, 3, 16− 11], [21, 17, 9− 16], [20, 1, 16− 0], [10, 18, 14− 11], [8, 12, 16− 10],
[20, 5, 13− 22];
A16 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 8], [20, 19, 9− 15], [3, 13, 14− 9],
[12, 2, 13− 18], [1, 11, 12− 17], [0, 10, 11− 8], [22, 9, 10− 7], [22, 8, 20− 2],
[18, 6, 16− 22], [2, 14, 16− 21], [15, 1, 13− 9], [1, 22, 14− 21], [0, 14, 20− 7],
[19, 3, 16− 0], [21, 17, 9− 16], [20, 1, 16− 10], [10, 18, 14− 11], [8, 12, 16− 11],
[20, 5, 13− 22];
A17 : [22, 21, 11− 7], [21, 20, 10− 7], [19, 12, 8− 21], [16, 17, 6− 13], [0, 10, 11− 8],
[22, 9, 10− 8], [22, 8, 20− 7], [21, 19, 7− 14], [20, 12, 6− 14], [5, 17, 19− 13],
[13, 4, 11− 5], [12, 9, 11− 6], [0, 14, 20− 2], [17, 14, 8− 13], [16, 13, 7− 22],
[15, 0, 19− 14], [15, 20, 11− 17], [2, 19, 11− 3];
A18 : [22, 21, 11− 8], [21, 20, 10− 8], [19, 12, 8− 13], [16, 17, 6− 14], [0, 10, 11− 7],
[22, 9, 10− 7], [22, 8, 20− 2], [21, 19, 7− 22], [20, 12, 6− 13], [5, 17, 19− 14],
[13, 4, 11− 6], [12, 9, 11− 5], [0, 14, 20− 7], [17, 14, 8− 21], [16, 13, 7− 14],
[15, 0, 19− 13], [15, 20, 11− 3], [2, 19, 11− 17];
A19 : [22, 21, 11− 8], [21, 20, 10− 8], [19, 12, 8− 13], [16, 17, 6− 13], [0, 10, 11− 7],
[22, 9, 10− 7], [22, 8, 20− 2], [21, 19, 7− 14], [20, 12, 6− 14], [5, 17, 19− 13],
[13, 4, 11− 6], [12, 9, 11− 5], [0, 14, 20− 7], [17, 14, 8− 21], [16, 13, 7− 22],
[15, 0, 19− 14], [15, 20, 11− 3], [2, 19, 11− 17];
A20 : [22, 21, 11− 8], [21, 20, 10− 7], [19, 12, 8− 21], [16, 17, 6− 13], [0, 10, 11− 7],
[22, 9, 10− 8], [22, 8, 20− 7], [21, 19, 7− 14], [20, 12, 6− 14], [5, 17, 19− 13],
[13, 4, 11− 6], [12, 9, 11− 5], [0, 14, 20− 2], [17, 14, 8− 13], [16, 13, 7− 22],
[15, 0, 19− 14], [15, 20, 11− 3], [2, 19, 11− 17];
A21 : [0, 22, 12− 17], [22, 21, 11− 8], [21, 15, 10− 8], [20, 18, 8− 13], [1, 11, 12− 21],
[0, 10, 11− 7], [22, 9, 10− 7], [18, 4, 16− 22], [2, 14, 16− 21], [14, 5, 12− 9],
[13, 4, 11− 6], [12, 6, 10− 5], [18, 9, 11− 5], [17, 14, 8− 21], [17, 13, 10− 3],
[1, 20, 10− 2], [15, 3, 12− 18];
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A22 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 15, 10− 8], [20, 18, 8− 21], [1, 11, 12− 17],
[0, 10, 11− 8], [22, 9, 10− 7], [18, 4, 16− 21], [2, 14, 16− 22], [14, 5, 12− 18],
[13, 4, 11− 5], [12, 6, 10− 2], [18, 9, 11− 6], [17, 14, 8− 13], [17, 13, 10− 5],
[1, 20, 10− 3], [15, 3, 12− 9];
A23 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 15, 10− 8], [20, 18, 8− 13], [1, 11, 12− 17],
[0, 10, 11− 8], [22, 9, 10− 7], [18, 4, 16− 21], [2, 14, 16− 22], [14, 5, 12− 18],
[13, 4, 11− 6], [12, 6, 10− 5], [18, 9, 11− 5], [17, 14, 8− 21], [17, 13, 10− 3],
[1, 20, 10− 2], [15, 3, 12− 9];
A24 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 15, 10− 8], [20, 18, 8− 13], [1, 11, 12− 17],
[0, 10, 11− 8], [22, 9, 10− 7], [18, 4, 16− 21], [2, 14, 16− 22], [14, 5, 12− 9],
[13, 4, 11− 5], [12, 6, 10− 5], [18, 9, 11− 6], [17, 14, 8− 21], [17, 13, 10− 3],
[1, 20, 10− 2], [15, 3, 12− 18];
A25 : [0, 22, 12− 21], [22, 21, 11− 8], [21, 15, 10− 7], [20, 18, 8− 13], [1, 11, 12− 17],
[0, 10, 11− 7], [22, 9, 10− 8], [18, 4, 16− 21], [2, 14, 16− 22], [14, 5, 12− 9],
[13, 4, 11− 6], [12, 6, 10− 5], [18, 9, 11− 5], [17, 14, 8− 21], [17, 13, 10− 3],
[1, 20, 10− 2], [15, 3, 12− 18];
A26 : [0, 22, 12− 17], [20, 18, 8− 13], [7, 17, 18− 1], [16, 17, 4− 14], [19, 14, 6− 10],
[12, 2, 13− 22], [1, 11, 12− 21], [15, 18, 4− 13], [18, 6, 16− 22], [19, 1, 13− 18],
[14, 5, 12− 9], [13, 6, 11− 4], [12, 4, 10− 5], [18, 9, 11− 5], [4, 20, 22− 19],
[5, 18, 21− 2], [15, 17, 6− 21], [2, 19, 18− 0], [7, 12, 19− 10], [3, 18, 22− 5],
[10, 18, 14− 9], [8, 12, 16− 11], [15, 3, 12− 18], [20, 12, 6− 22], [4, 19, 21− 3];
A27 : [0, 22, 18− 17], [20, 12, 8− 13], [7, 17, 12− 1], [16, 17, 6− 14], [19, 14, 4− 10],
[18, 2, 13− 22], [1, 11, 18− 21], [15, 12, 6− 13], [12, 4, 16− 22], [19, 1, 13− 12],
[14, 5, 18− 9], [13, 4, 11− 6], [18, 6, 10− 5], [12, 9, 11− 5], [6, 20, 22− 19],
[5, 12, 21− 2], [15, 17, 4− 21], [2, 19, 12− 0], [7, 18, 19− 10], [3, 12, 22− 5],
[10, 12, 14− 9], [8, 18, 16− 11], [15, 3, 18− 12], [20, 18, 4− 22], [6, 19, 21− 3];
A28 : [20, 19, 9− 15], [19, 18, 8− 13], [7, 17, 18− 1], [16, 17, 6− 14], [16, 5, 15− 8],
[22, 8, 20− 2], [21, 19, 7− 22], [20, 18, 6− 13], [5, 17, 19− 14], [18, 4, 16− 22],
[3, 15, 17− 0], [2, 14, 16− 21], [14, 5, 12− 9], [13, 4, 11− 6], [18, 9, 11− 5],
[0, 14, 20− 7], [6, 19, 22− 15], [2, 15, 18− 0], [17, 14, 8− 21], [16, 13, 7− 14],
[7, 12, 15− 10], [15, 0, 19− 13], [3, 18, 22− 5], [21, 17, 9− 16], [15, 20, 11− 3],
[2, 22, 17− 1], [2, 19, 11− 17], [20, 3, 12− 18];
A29 : [0, 22, 12− 21], [22, 21, 11− 7], [21, 20, 10− 7], [20, 19, 9− 16], [19, 18, 8− 21],
[7, 17, 18− 0], [15, 14, 4− 22], [3, 13, 14− 9], [12, 2, 13− 18], [1, 11, 12− 17],
[0, 10, 11− 8], [22, 9, 10− 8], [0, 13, 21− 3], [15, 1, 13− 9], [1, 22, 14− 21],
[5, 18, 21− 1], [20, 17, 4− 10], [19, 3, 16− 11], [2, 15, 18− 1], [17, 14, 8− 13],
[21, 17, 9− 15], [20, 1, 16− 0], [10, 18, 14− 11], [8, 12, 16− 10], [19, 12, 4− 21],
[6, 15, 21− 2], [20, 5, 13− 22];
A30 : [19, 18, 8− 13], [7, 17, 18− 1], [16, 17, 4− 14], [16, 5, 15− 8], [15, 14, 6− 10],
[0, 13, 21− 1], [21, 19, 7− 22], [20, 18, 4− 13], [5, 17, 19− 14], [3, 15, 17− 0],
[14, 5, 12− 9], [13, 6, 11− 4], [12, 4, 10− 5], [18, 9, 11− 5], [4, 19, 22− 15],
[5, 18, 21− 2], [20, 17, 6− 21], [2, 15, 18− 0], [17, 14, 8− 21], [16, 13, 7− 14],
[7, 12, 15− 10], [15, 0, 19− 13], [3, 18, 22− 5], [17, 13, 10− 3], [15, 20, 11− 3],
[1, 19, 10− 2], [2, 22, 17− 1], [2, 19, 11− 17], [20, 3, 12− 18], [19, 12, 6− 22],
[4, 15, 21− 3];
A31 : [0, 22, 18− 21], [20, 19, 9− 16], [7, 17, 12− 0], [16, 5, 15− 10], [15, 14, 4− 22],
[3, 13, 14− 9], [18, 2, 13− 12], [1, 11, 18− 17], [0, 13, 21− 3], [12, 4, 16− 21],
[3, 15, 17− 1], [2, 14, 16− 22], [15, 1, 13− 9], [14, 5, 18− 12], [18, 6, 10− 2],
[1, 22, 14− 21], [6, 19, 22− 5], [5, 12, 21− 1], [20, 17, 4− 10], [19, 3, 16− 11],
[2, 15, 12− 1], [7, 18, 15− 8], [3, 12, 22− 15], [21, 17, 9− 15], [20, 1, 16− 0],
[10, 12, 14− 11], [17, 13, 10− 5], [8, 18, 16− 10], [1, 19, 10− 3], [2, 22, 17− 0],
[20, 3, 18− 9], [19, 18, 4− 21], [6, 15, 21− 2], [20, 5, 13− 22];
A32 : [15, 20, 9− 19], [7, 17, 18− 1], [16, 17, 6− 14], [16, 5, 19− 8], [19, 14, 4− 10],
[3, 13, 14− 21], [12, 2, 13− 22], [0, 13, 21− 1], [22, 8, 15− 2], [21, 20, 7− 22],
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[15, 18, 6− 13], [5, 17, 20− 14], [3, 19, 17− 0], [19, 1, 13− 18], [1, 22, 14− 11],
[0, 14, 15− 7], [6, 20, 22− 19], [5, 18, 21− 2], [15, 17, 4− 21], [20, 3, 16− 0],
[2, 19, 18− 0], [16, 13, 7− 14], [7, 12, 19− 10], [19, 0, 20− 13], [3, 18, 22− 5],
[21, 17, 9− 16], [15, 1, 16− 10], [10, 18, 14− 9], [8, 12, 16− 11], [19, 15, 11− 3],
[2, 22, 17− 1], [2, 20, 11− 17], [20, 12, 4− 22], [6, 19, 21− 3], [15, 5, 13− 9];
A33 : [22, 21, 11− 8], [21, 15, 10− 8], [15, 20, 9− 19], [16, 5, 19− 8], [3, 13, 14− 21],
[0, 10, 11− 7], [22, 9, 10− 7], [0, 13, 21− 1], [22, 8, 15− 2], [21, 20, 7− 22],
[5, 17, 20− 14], [3, 19, 17− 0], [2, 14, 16− 21], [1, 22, 14− 11], [0, 14, 15− 7],
[20, 3, 16− 0], [17, 14, 8− 21], [16, 13, 7− 14], [19, 0, 20− 13], [21, 17, 9− 16],
[15, 1, 16− 10], [17, 13, 10− 3], [19, 15, 11− 3], [1, 20, 10− 2], [2, 22, 17− 1],
[2, 20, 11− 17], [15, 5, 13− 9].
Let 1 ≤ i ≤ 9 and Bi = Ai ∪ A28. Let i = 10, 11 and Bi = Ai ∪ A29. Let 12 ≤ i ≤ 16 and
Bi = Ai ∪ A30. Let 17 ≤ i ≤ 20 and Bi = Ai ∪ A31. Let 21 ≤ i ≤ 25 and Bi = Ai ∪ A32. Let
i = 26, 27 and Bi = Ai ∪A33. Then (X,Bj) is a (K23 \K10, G)-design for each 1 ≤ j ≤ 27, where
the removed subgraph K10 is constructed on Y = {0, 1, . . . , 9}. Now take permutation pis,t = (1)
if (s, t) ∈ N23. For (s, t) ∈M23, we take
pi0,0 = (10 15 19 22)(11 13 18 17 21 20 12 16 14), pi0,1 = (10 12 13 17 18 22 20 21 19)(11 14 16),
pi0,2 = (10 14)(11 19 22 21 16 13 15 20 17 18 12), pi0,3 = (10 11)(12 22 16 13 19 15 14)(17 21 18 20),
pi0,4 = (10 15 16)(11 19 20 21 17 22 13 12 14 18), pi0,5 = (0 1)(2 3)(4 5)(6 7)(8 9),
pi0,6 = (10 17 18 16 12)(11 21 15 14 13 20), pi0,7 = (10 19 16 15 11 21 17)(12 22 20 13)(14 18),
pi0,8 = (10 14 12 20 22 15)(11 16 19 21)(17 18), pi0,9 = (10 21 14 18 22 20 19 11 13 17 12 15 16),
pi0,10 = (10 21 16 19 14 11 13 20)(12 18 15 22 17), pi0,11 = (10 22 14 17 16 18 13 15 21 20)(12 19),
pi0,12 = (11 21 20 12 16 13 14 19)(15 22)(17 18), pi0,13 = (10 20 13)(11 14)(12 18)(15 17 22 21)(16 19),
pi0,14 = (10 18 17 14)(12 22)(13 15)(16 20)(19 21), pi0,15 = (10 20 22 17 11 14 21)(12 18 13 15)(16 19),
pi0,16 = (10 21)(11 13 18 12 15)(14 20) pi0,17 = (0 4 1 2 7)(3 8)(5 6 9)
(16 19)(17 22), (10 11 13 15 18 17 19 22 14 16 20 21),
pi0,18 = (0 3 9 1)(2 7 8)(4 6 5)(10 14 21 22) pi7,0 = (0 7)(3 4)(6 9)(10 13 12)(15 18 16),
(11 13 18 15 12)(16 19 20), pi7,6 = (1 6 3 8 4)(10 18 22 15 11),
pi7,7 = (0 9 4 7)(10 13 20 12)(11 22), pi7,10 = (1 8 5 4 2 3)(12 14 18 17),
pi10,6 = (2 5)(4 8 6)(13 17)(16 21).
We have that for each i, j, s, t in Table X, pis,tY = Y , |Bi ∩ pis,tBj| = s and |T (Bi \ pis,tBj) ∩
T (pis,tBj \ Bi)| = t. ✷
Table X. Fine triangle intersections for (K23 \K10, G)-designs
i j (s, t) i j (s, t) i j (s, t) i j (s, t)
1 1 M23 1 2 (49,3) 1 3 (46,6) 1 4 (43,9)
1 5 (40,12) 1 6 (37,15) 1 7 (34,18) 1 8 (31,21)
1 9 (28,24) 1 10 (0,52) 1 12 (42,0) 1 13 (22,20)
1 14 (37,5) 1 15 (27,15) 1 16 (32,10) 1 17 (0,34)
1 18 (15,19) 1 19 (10,24) 1 20 (5,29) 1 21 (26,0)
1 22 (14,12) 1 24 (18,8) 1 25 (21,5) 1 26 (22,0)
1 27 (14,0) 10 2 (3,49) 10 3 (6,46) 10 4 (9,43)
10 5 (12,40) 10 6 (15,37) 10 7 (18,34) 10 8 (21,31)
10 9 (24,28) 10 11 (27,25) 10 12 (0,42) 10 13 (20,22)
10 14 (5,37) 10 15 (15,27) 10 16 (10,32) 10 17 (34,0)
10 18 (19,15) 10 19 (24,10) 10 20 (29,5) 10 21 (0,26)
10 22 (12,14) 10 23 (7,19) 10 25 (5,21) 10 26 (0,22)
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